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Ahstract

A simple method for making a tableaws-siyle theorem prover is introduced. The
method is based on the similarity between tableaux-style and model generation the-
ovem provers. A wmodal propositional tableaux is implemented in a model generation
theorem prover, called MGTP. In the bmplementation, we consider a set of input
clanses for MGTF as being a programming language, and use that language to make
a mdal propositional tableany. Making a tableanx-style theorem prover with ilis
method clearly distingnishes the inference rule and its inference mechanism. Eael
tahleany inference rule is described in an MGTT input claose, and the inference mech-
anism is inplemented by making MGTE. Separating the inference rule and inference
wechamism makes it easy to develop tableams-style theorem provers.

1 Introduction

A theorem prover tries to prove a theorem with several inference rules. The inference
rule vary from prover to prover. lor example, a resolution-based theorem prover uses
a ‘resolution’ rule as its inference rule. On the other hand, a tableaux-based|7] theorem
prover uses ‘expansion’ rules. In many existing theorem prover implementations, a theorem
to be proven is given as iupul data to the theorem prover and its inference rules are
embedded into its implementation, i.e., the inference rules are programmed as a part of
the theorem prover. In our method, the inference rules themselves are given as input
data to the theorem prover. This is akin to making a universal Turing machine if the
existing theorem prover is regarded as being a Turing machine. Here, the theorem prover
MGTP(Model Generation Theorem Prover)[3] corresponds to a universal Turing machine,
and a modal propositional tableaux[l, 2], imitated in MG'I'P, corresponds tu a Turing
machine,

MGTP performs a computation according to a set of input clanses and determines its
satisfiability,. MGTI can imitate tableaux-style theorem proving by representing tableanx
inference rules by its input clauses. This is also regarded as a meta-programmed tableaux
prover on MGTP. A merit of meta-programming is its capacity for flexible representation.
Actually, it is easy to make a modal propositional tableanx for several modal sysiems such
as i, K4, T, 54 and 55, hy replacing the MGTP input clauses that represent maodality.

For example, a modal propositional tableaux for K can be built by writing 12 MGTP
clauses that represent tableaux rules. The simplicity comes from the clear distinction he-
tween the representation of tableaux rules and its computation mechanism. Combinatorial
computation and pattern matching, which acl as an industrial kernel in theorem proving,
are performed in MGTE

Thus, isolating the representation of tablecaux rules from the implementation of its
computalion mechanism lower the barrier to tableaux implementation.
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Figure 1: Sample MGTP Program and Proof Tree

2 MGTP

Throughout this paper, an MGTF elause is represented by an implicational form:
-"'1-15 -"1-2'\--'1 JI‘-'l'n — ;{-T?;---;Cnt

where A,(1 < i < n) and C,(1 < j £ m) are atoms; the antecedent is a conjunction of
Ay, Ag, .., Ay, the consequent s a disjunction of Ty, Cs, ..., Cm. A clause 15 said to be
posifive if its antecedent is frue(n = 0), negative if its consequent is false(m = 0), and
otherwisc, mized (m # 0, n # 0}

The following tweo rules act on the model generation method.

¢ Model extension rule: If there 1s a clause, 4 — ', and a substitution & such that
Ae is satisfied in a model M but Cs is not satisfied in M, extend the model M hy
adding ("7 to the model M,

o Model rejection rule: I there is a negative clause whose antecedent Aeg is satisfied
in a madel M, reject the model M.

The task of model generation is to try to construct a model for a given set of clauses,
starting with a null set as a model candidate. If the clause set is satisfiable, a model should
be found. This method can also be used to prove that the clause set is unsatisfiable, by
exploring every possible model candidate to ensure that no model exists for the clanse set.

Iignre 1 shows the proof tree for a sample problem. We start with an empty model
candidate, My = ¢. My is first expanded into two cases, M; = {p(a)} and M2 = {q(b)},
by applying the model extension rule to 6. Then A is expanded by 5 into two
cases: My = {pla),qla)} and My = {pla),r(a)}. M, is further extended hy '3 to
Mg = {pla),q(a), s fla)}}. With Ms, however, the model rejection rule is applicable to
C'2; thus My is rejected and marked as closed. On the other hand, My is extended by
C4 to Mg = {pla),r{a},s(a}}, which is rejected by C1, Similarly, the remaining model
candidate M, is extended by €3 to M7 = {qg(b), s( f{b))}, which is rejected by C2. Now
that there is no way to construct a model candidate, we can conclude that the clause set
51 is unsatisfiable.
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Table 2: Performace of Tableaux for PTL(msec)

No, Thearem I Il 11T ALS
1| ¢0a o OO0 900 | 2790 | 2770 [ 6383
9 —0a = O 20 19 19 | 6617
31 Ga W S—oa 1n <1 10 GH3
4la D Ca <1 <1 10 500
5 Ou D Ca 19 9 10 1783
6| O = O0a 19 30 30 [ 3050
7| @a = 00Ca 49 30 49 3367
8| 0—a = ~a 10 10 20 1583
9| Ofa2b) O (CaoCb) 39 30 30 3067
10 | a A b) = (Oa) A (Oh) al ] 60 L0250
11| O{avh) = (©a) v (0Ob) 99 70 70 a717
12 | (Qav Ob) > UlaVvb) 29 29 30 3250
13 | OlaAb) O (Ca A Cb) 39 39 59 3317
14 | (Can©b) O Clanh) 30 30 30 2067
15 | Olanb) = (Oa A Ob) 30 30 30 8283
16 | Cilavb) = (LaVv(b) A0 30 30 A317
17| Ola 2 6) = (Oa D Oh) 40| a0 30 8367
18 | Ola=b) = ((a=(b) 49 50 60 | 10033
191 0e = 00 a 320 | 210 80 RR00
0| OCa = ¢0a 680 | 256 | 130 9000
21 | DGO = ¢0a 899 | 2849 | 2760 [ 46983
22 | ©U%a = Dda 259 | 5179 | 2060 || 44467 |
23 | Ua = (a A(J0a) 500 120 140 [ 30867
24 | Ca = (av 0a) 170 | 130 | 160 || 27167
25 | lan o—a) 3 @an)a) 249 | 180 | 199 || 117167
26 | (va)Ua = va an an 39 6700 |
27 | Ua A &b > aUb 30 A0 60 [ 6350
28 | (aUbYUb O aUb ) 50 30 30 || 14833
20 | aU(aUb) o aUb 310 | 199 | 250 || 25133
30 | Oa A (bUe} o (anb)UlaAc) 409 | 150 | 229 || 34983
31 | (& Ab6)Uc = (aUc) A (4Ue) 189 | 169 | 189 || 27033
32 | aU(b v c) = (aUb) v (aUc) 3100 | 1390 | 1150 | 236183
33 | (©a v ob) O (((-a)URV ((-b)Ua)) | 189 99 [ 109 [[ 119367
4 | aU(bAc) 2 (aUb) A (aUe) 320 | 240 | 400 || 32417
35 | (aUc) v (bUc) D (av b)Uc 691 89 99 | 11817

36 | (a3 b)Uc O (aUc D bUc) ] 60 70 | 10000
37 | (aUb) A ((-b)Uc) 5 aUe 350 | 120 219 33383
38 | (aUb)Uc o {avb)Ue 220 | 109 | 460 | 20267
39 | aU(bUc) o {av b)Uc CBAND | 4561 | 4400 | 33387

Total

| 16300 | 19508 | 16607 |[ 297018 |




7 Conclusion

A modal propositional tableaux is implemented by writing the tableaux rules as a set of
input clauses for MGTP. This tableaux system is concise in the sense that only clauses
are related to the tableanx rules. We can obtam a modal propositional tableaux for K by
writing nothing more than a 12-line program if the input clauses for MGTP are regarded
as being a programming language.

T'his 1s a kind of meta-programming technique. In general, the speed of the program,
made using a meta-programming technique, is expected to be slow because of its interpre-
tation overhead. However, the performance is actnally relatively good. This is due to the
interpretation overhead being quite small in MCTP.

To make a tableaux prover, examination of the following points is important.

(1) How to represent a target mathematical domain.
{2} How to increase the inference speed.

In our method, (1) results in how to express the properties of the mathematical domain in
an MGTP clause, while (2) results in how to attain MGTP efficiency. Isolating (1) from
{2) makes the implementation of the tableaux prover brief and eompact.

There are several areas to which madal logic can be applied, such as specification
description, verification, knowledge representation. This paper shows that MGTP could
be a useful tool for implementing a variety of modal propositional tableaux systems to
cover these areas, although the proving mechanism for MG'TP is quite simple.

In the near future, we intend to build several modal tableaux systems based on the
method given in this paper to show itz effectiveness.
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