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Situation theory means different things to dillerent researchers. To some, it is a theory of information
{Barwise [6], Deviin [L1]) Thes paper is concerned with the mathematical develapment of this view of
situation Lheory.

Given this avientation, a working answer to the question “What is situation theory 7 is presented in
section 1. Seetion @ is o eeview of some past offorts to develop situation theory mathemalically b Addressed
orimarily 1o readers who have some familiarity with these works, it can be skipped by those who have not.
Section & introduces Lhe notion of a snprpert-map, which the suther believes to be basic (o siluadion ‘l-l!'l“l'.rl':r'.
Certain ideas concerning the investigation of this notion are then discussed i section 4,

1. What is situation theory?

Situation theery is & =emantic theory of information. The term “semantic” refers to some notion of meantig.
An example of a semantic theory is classical moedel theory, as initiated by Tarski. ‘Tarski locates the meaning
of a proposition in 128 relation do mallwmatical structures that serve as conbexts (i.e., first-order models).
A situation is a partial comiext. Spenking very roughly, a situation is a generalized notion of a model. If
model theory is a semantic theory, what is it a semantic theory of? Is il a semantic theory of information?
{3bserve that the sentences of predicale logic suppress any mention of a model, confining it to the background

meta-theorey:
L4+ =1
i5 a first-order arithmetic sentence;
(N, +, =01 B L+lb=1

is mof. Tt is possible to leave the context {(— model) implicit only because it is assumed fixed (i.e., stable).
Madel theory 15 a semantic analysis of trutl in = fixed context. But what about information? Whereas truth
might be constdered cternal and static, this certamly will not do with iformation. An essential characteristic
of information is that 1t involves differcul contexts, some of which are “parts of,” ot otherwise related to,

others. This is the thrusl of

Slogan 1. Information is situated,

Also, far from being static, information is dynamic — a point related to slogan 1 by

Slogan 2. Information flows helween silnations

This is why the notion of a situation is important in a semantic theory ol information, and why the theory
i called situation theory.

Historically, silustion theory has brought slogan 1 te bear in its approach to problems in semantics,
Accordingly. past efforts to develop o mathematics of situation theory are reviewed in section 2 [rom the

point of view of slogan 1. Slogan 2 is taken up in succeeding sections.

Tay haed as U anthor has worked to anderatand otber people’s research, il s quile possible that he has missed eertain
Tnints, He hopes that the conuounication of lis impressions maght at the very lrast expose arvors in his thinking.
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2. A review of some past work
Associated with slogan | g the pieture
s = o

The wdea is that information comes in pieces ¢ called (following a suggestion by Keith Devlin) mfons, and
that situations £ may or may not support [with respect to 5) these infons. Roughly,an infon can be regardel

as o Lriple
{{r,a;il
whepe
= g a property (also called a relation),

s 015 an assignment — i.e., & (partial) function with a set of (some of) #'s argument roleg as its domean
. and

s ie{+. =} is a polarity®.

=15 a subeollection of 56 = Inf where S8 15 some collection of sttuations and fnf 15 some collection of infons.
In the picinre above, a situation occurs to the left of B, gua context. Situation theory, however, also admits
Hie possibility that a situation occurs gua object, to the right of -, in the range of an assignment o (inside
an infon o). This leads to the problem of cireularity, such as when, for example, a situation s is 1dentified
with vhe sed Ir? | £l = r.r} af infons & it :;1.||:t[:rm'l-.i.:'i

2.1. AFA and extensional reductions

Arczel’s dut Fowadatfion Aciom (AFA) provides a direct treatment of cirenlarity in set theory, by allowing €
to be non-well-founded. A usetul formulation of the axiom is ag a Solufien Lenwmma that azzerts that sysfems
of cquafions between ndetermenates and sets (built from indeterminates) possess unigue solutions, Let us
explain this by means of an example (referring the serions reader o Aczel (3] for & detailed presentation of
the theory ). The system of equations

{z}
{0, {}}
{z, 4}

aver thie ndeleriminates ¢, ¥ and = has the unique solution

z

< = ﬂ
v (0, (a})

z = a

where 15 the unbgue sel thal has exactly itself as an element, and a is defined [iniplicitly) as

a — {@.{0 {a}it.

FFollowing a practice of P Aceel's, and a snggeation by H. Yasukawa, we write 4 and = instead of 0 and 1 50 as nob Lo give
the impression that a polarity is a truth value Lfmrrl say, n Heyting algebral, bt is simply some kind of ?J'gn. See the discussion
of lorcing i secbion 3.3,

*As it torns out, mare serions problems than nenowell- foundedness may block the reduction of & situation (o the collection

af infons i supports; consider, for instance,

rEs o dEre
& osfrn+h Vv oo=fre-)

where ¢ i= some relation with ane argument rols, and an assigniment to r is indicated sunply by writing the valoe assigned o
this argument vole,



{The neweomer might find the circularity in the deseniption above of the system of equations and its solution
wisettling in its simplicity, But this is actually all there is o it

The usefulness of the solulion lemma bes in taking extensional reductions. The principle behind ex
tensional reductions can be understood through examples. In semantics, an intensional notion such as a
propasition i sometimes identified with its truth-value over a lixed model (& la Tarski), or with the col-
lection of possible worlds in which the propusition is true (the latter being the basic premise of possible
worlds zemantics). Going the other direction®, a situation i, as we noted above, somelimes equated with
the sel, of infons it supports. How the solution lemma can be applisd o form such extensional reductions 1=
shown nicely 1n the final co-alyebra theorem of Aczel [ [Theorem 7.8), an which the coneept of exfensional
struciures in section 4 of Fernando [14] 15 hased."

"o keep a semantic framework from eollapsing Lo utter nonsense, certain intensional notions are not
extensionally reduced. In Barwise and Fiehemendy [7], fussellion propositions and (in the Austinian casc)
il ure Lrealed as structured objects in their own right. More specifically, a “basic” infon is identified with
some ohject containing a property (relation), assignment and polarity. It is not reduced to the collection of
silyations supporling it. As such, it has a syntactic character of the sort studied in a constructive approach
to mnabhernatics [\\']IPFP the algects of study are the presenfalions).

2.2, l'ormalizing situation theory

Ierhaps the primary peint of Barwise and Eichemendy |7} is the sepatation (in the Austinian account) of two
kinds of nsaertions. This separation is developed furtiier i Barwise [5], where two parallel semantic systets
are omtlined, corresponding roughly to an absofute plane and s relative plane. The former is, in Barwise's
words, “stracturally deterrninate ) copsisting of igpes, each of which has an extension, and propositions,
each of which has a truth value. By applving an object” o to a type 1, we abiain the proposition

FTEE |

which is assigned the truth vaiue true exactly when a 13 1 the extension of ¢ To pass from propositions
back o tvpes. it s useful also to form parmnetric propositions from parameters,  {We will take up later
Ll question of whether such parametric propusiiions have truth valaes.) ‘The intuition 15 thal absleacking
parameters T from & parametric proposibion p (with free parameters among z) vields the type Z.p whose
extension consists of the obiects @ for which p with ¥ replaced Iy @ has troth value frae.

A parallel sitnationally-conditioned plane is set up, consisting of relations (as the relative counterparls
of 1vpes), and infons (as the relative counterpart of propositions}. The picbuee here ia

infoms proposibiens
N ¥ - 1 | P ¥ -
application T | abstraction 2F application | | ahstraction
relations types
relalivi absolute

Untted from the pictore above s the fact that propesitions, as well a2 infons, are closed under W, A and —.
{ Quantification is not treated in Barwise [5].) In order to block paradoxes, Barwise imposes “appropriateness
ronditions” on application, in the form of a type Approp-for between Lypes and the objects (i.e., assignments)
that might be apphed to themn. Approp-for is a premitive type, as opposed Lo a nen-primitive type which
i= shlaiged by ahstraction over a paramettie proposition. Although it was widely cirenlated in the situation
thieory community, Harwise [3] was never completed sl therefore never published.

Instead n more carclul developruent uf the praject began in Darwise (5] was cutlined at the 1989 Situation
Theory conference (held in Asilomar, Califoruia). As reported in Westerstahl [26], Aczel proposed a foroial
development of situation theory in three stages:

1 There is, under suitnble conditions, a jorm of duality ere {associated with Stone), which is diseussed helaw in section 3.2,

“The rough idea b5 to start with a syntactic category thal respocls o cestain theory T [containing no legieal notion of
equality}; the solulion lenwna is then nsed to dafine & funstor ints o {possibly final) modet of T. What svstem of equations
oaght o b solved depends on the theery T

f'f_h Pusie |'nwris=vnly. an nsﬁipmr:nr — iAo, & [uBetinm.



L. asurvey of (all possible} structured objects
2. a construction of an absolute theory of trath {i.e., types, propositions, and pararmeters)
3. an account of situations, infons, and other basic notions of sitnation theory,

Interpreting the proposal naively, the poist of the decomposition into thres stages is that investigations must
first center on structured objects, then on an absolute theory of truth, and finally on “typical situation-
theoretic objects” {Westerstah] [26]1 We will retirn to this matter at the conclusion of seetion 2.3 For
now, let us follow Aczel into slage one.

The theory of structured objects in Aczel [4] is built around the idea of collecting structured objects in
a structure where they are assigned components subject o replacement. The wain inluitions come Trom
set theory and syntax, bt the approach taken is rather abstract, inasmuch as the concepts are developed
axiomatically, rather than coded concretely in set theory {as is customary in set-theoretic foundations of
mathematics). In the pursuit of u comprelicnsive coverage, however, some of the ideas in Aczel [3]
particularly, the solution lemma — become somewhat ohseured {by, for example, relabelling maps introdiuced
to weaken cquality to isomorplism). 16 ig not obviows to the author that the attention to abstraclness is
necessary for situstion theorvs what s clear is thal an analysis of certain topies important in fermalizing
situation theory get postponed in Aceel [1] - namely, many sorts, mized fized poinls, and consiruckbive
[effective)) issues,

As lor slage 2, Westerstahl spoke at the Asilomar conference about trealing paramelers as objects of
a theory, and not just as linguistic exprossions (residing, as it were, in the meta-theory). Weslerstahl
(28] observes that parameters are useful in twa wave: far anchermg (e, application) sod alsteaction The
author fails to see how these uzes necessitate the wntroduction of parameters as objects of the theorv. (Slogans
concerning the valne of “free class™ citizenship should not be applicd blindly.) Experience in lormal logie has
shown over and over again that a carcful separation hetween object- and meta-levels is crucial. Lu predicaie
logic, paramelers are no more than Hingnistic entities; this fact is evidently not an obstacle in foralizing
mathematics in first-order logic. A more dramatic case is combinatory logie, where parameters are eliminated
even from the syntax,

‘T'his brings us to work on situation theors over a combinatory, type-free framewark . The approacl of
Flotkin [23], [24] is to formalize sitnation theary in an extension of the theory of Frege sirucfures {Aczel [2]).
The theory of Frege structures is ezsentially a theory of propositions built on top of the untyped lamhda
calewlus.  Let us call these propositions Fregean-propositions to distinguish them from the propositions
of situation lheory. Plotkin cquates infons (previously called “states of affairs,” or soa’s) with Fregean
propositions. Just as Fregean propositions can be toue, so too can infons {aceording to Plotking. To deal
with circularity, the V-combinator {i.e.. the recursion theorem) is used, from which a mumber of negalive
resulls (muore or less familiar from recursion theory) also follow, As a plece of research in situation Lheory, it
is slightly curious that Plotkin [24] completely leaves out situations, investigating semantic notions thal are
un-situated. In Pletkin [29), sitnatious are introduced as certain sets of infons, the idea then heiag Uit o
“trwe” infon (or fect) is one that is an element of some {actual) situation. This approach, however, severely
constrains the notion of an infon (or more precissly, =), since a consequence of the approach is that no
two (actual) siluations can support contracdictory infons,” Evidently, what Mlotkin has done is to ignore the
situation £ and predicats £ in

o

with the idea of extracting s and E from ¢ Tlus completely blurs the distinclion between infons and
propositions; in the authors opinion, the dislinetion must first be made clear, before {in certain special
casns) it s muddied. From this poiot of view, Plotkin's work coneeens @ Lheory of infons (and relations) for
a fixed situation and a fived predicate =0 Bat then if 5 and |= are fixed, why bather introducimg the notions
at all? And why develop a theory named situation theory?

TAs will become clear in section 3, ts ot bg velated Lo the notion of (slrong ) pergsstence, as well as the asswmption Hut
mformation How is divected.



T'he author does, in fact, believe in the idea of a situation theory, and regrets that in the outline proposed
by Aczel, the development of situation theory proper is put off to the last stage. Should basic situation-
theorelic principies be taken seriously [rom the very heginning of work on formalizing situalion theory? OF
CONrse but whal if one does not know what these principles are? Afterall, is not the discovery of these
principles the very reason for formalizing situation theory? Yes, but perhaps the project is nol so hopeless,
as long as

s there 5 see {minimal | understanding of what the theory is about, and
o citfficient attention is paid to developing Vus uonderstanding.

Peripheral topies should not distract ws away from central problems. The subiject of structurad objects
can be veryv interesting from a purely mathematical point of view, and surely it cught to be pursued for
reasons uot necessarily related to the immediale concerns of situation theory. Neveriheless, some critical
reflection is perhaps also in order. Consider, for example, the work on oblaining non well-founded sets as
ideal completions of well-founded sets. What is the point of this exercise? Lindstrom [21] shows that Aczel’s
construction can be carried out in a constructive setting (Martin-Lf type theory). As for the [eeling that
well-founded scts are in some sense simpler than non-well-founded ones, who will deny that 0 = {1} is a
perfectly finite aliject that iz not as problematic as w = {o.1. .. ] is fokistically, or Pow(w) is predicatively”
The wathematics invelved might be very pretly (as the wonks of Mislove, Moss, Oles [22] and Abramsky (1]
derponsirate’), but work on situation theory should not lose sight of situation theovy

2.5, A sei-theoretic formalization

At the Asilomar conference, the author reported thal he had earried out all thiree of Aezel’s stages mentioned
above. He did not [and does not now) elaim that work en the project can stop. The pownt of this section is
to desscribe what is aceomplished in Fernando [14].

The primary contribotion of the paper is the proposal of & notion of & stracture for situation theory, and
a definition of truth over such a structure involving a rich collection of situation-theoretic construcis. (ln
other worels, whatl is supplivd s the egnivalent in situation theory to Tarski’s truth defimiion in first-order
logic.) The term “rich” is used above to indicate, for example, thal

o in addition to logical connectives such as A and —, quantification on infons and proposilions 1z allowed
[in contrast be Barwise |5,

e o general svslen of abstraction and application belween propostions and types is constructed, as s
one between infons and relalions, and

& paramelers are subjecl Lo arlateary type resbrictions,

The hasic idea is to build a “type theory” over ZFC/AFA, wheesin certain types are primitive and others are
non-pramelaoe, the latter being oblained from alstraction over parametric propositions. Although Barwise
[5] is maeidd as the starting point, Fernando [14] differs m certain significant ways from it. Por instanee,
primitive types in Fernando [14] come tn three kinds

o frec types with extelsions gjven at the oulset I.'!'}f the notion of a structure,

s genevated types (for example, infons and propositions] obtained from substitutional recursive definifions
[Fernando [151), and

& o universal type oby.

Furthermore, whereas Barwise [3] assumes that there is a primitive type Approp-for tu block paradoxes,
the corresponding type in Fernando [14] is non-primitive. Tnstead, a positive inductive definition of truth
remuniscent of Kripke [20] is applied, resulting in a 3-valved logic (from which [ragments respecting 2-valued
logic can then be extracted).

Fernando [14] might be better understond by breaking down the congtruction sccording to Aczel’s three
slages



# In stage one, a concrete theory of structured objects based on AFA 13 used to generate the neces-
sary objects that populate a structure. Parameters and parametric objects are among the objects so
gencrated,

s In stage two, however, parametric objects with free occurrences of parameters are weeded oub in the
definitions of structure and truth. In other words, following logical tradition, [rec parameters are
confined 1o the meta-level. The pmpnﬁal of a notion of structure [u'nvlﬂﬁs a clean distinction belwesy
the ohjeet- and meta-levels. It is the contention of the author that the need to anchor {= apply) and
abstrarl parameters is met by passing between propositions (or infons) and types {or relations), An
entity can be a parameter from the point of view of the meta-theory (in which rase it is subject Lo the
svstein of absiraction and application in a structure), or from the pomt of view of the object-theory
{im which rase it may be formally denoted by a constant ), bue 30 canpof be a parameter in both senses.

¢ As for stage three, Fernando [14] essentially carries out this work i stages one and two, (Tndesd, slages
one andd bwo are directed solely towards developing situation theory.)

Fernando [14) goes on to define notions of svntax, and extensional strnctures, leading Lo a “logic” over a
s¢l-theoretic foundation (ZFC/AFA),

MNext, it s only vatural to ask whether the asthor (in his arrogance] believes that his formalization is
definitive, Can more interesting accounts be given” But inferesting in whal sense? We ought to be clear
about what problems we wish to address. Fernande [14] was carried out at o time when the logical consistency
of situation theory (as applied in natural lupgosge semanlic analvsis) was in grave doubt. Barwise {5] and
Plotkin [23] were intended to provide some assurance that situation theory was echerent,  After working
oi the problem as well, the author is no longer troubled by the question of comsistency, and = convipeed
that paradoxes can be avoided by exercising sufficient care. Having made {or at jeast claimed to make) a
preliminary pass through Aczel's three stages, he thinks that the stages are pot independent nor properly
developed simply in a serial manner. (krom stage three, it may be appropriate to return to stage twe or
to stage one, and then perhaps back Lo} The poinl of a formalization 13 to shed light on basic prineiples
ol situation theory, In particular, he believes that an important next. shepo in the “mathematics of situalion
theory™ is to stody the picture

infons proposi b
1=
T 1 — I
relalions Lyvpes
Information Trutlh

adapled from that in section 2.2, page 3. Seme notion of compolation most be brought into this picture,
partienlarly on Lhe side of information. After hriefly atterapting to work out a theory of effective fixed points
tor the substitutional recursive definitions (Feenande [13]} that wederly Fernando [14], the author feels that
a formalization of situation theory in expliced mathe maties® | Feferman []2]# iy e ore galural. Indeed,
having rmphasized Lthal Fernando [14] provides a set-theoretie [npmalization of situation theory, it should
also be stressed that the notions construeted inductively for the theory {c.g, type membership ") are
lighly intensional. In any case, before undertaking another formalization of situation theory, it is erucial Lo

have a clearer sense of what the theory is about.

3. Introducing support-maps

Given a collection Sif of situations, and a collection Juf of (pieres of wlormation called} infons, a support.
predicate | is a certain kind of binary relation between Sif and fnf. The underlying idea here is slogan 1:
“Information is situated.” Missing in =, however, is a treatien) of slogan 20 “Information flows botween
stbusations ™

The notion of a suppert-map 15 an extension of e nolion of a support-predicate that is intended to
analyze information How. Roughly, & suppors-map A is a suppori-predicate | plus an intepretation of a

B Eaplicit mothematics is not um.'gntﬁd ta the Fﬁ“:_g‘,! mlructnres A el :é].l v whneh Plotkin [23]. |'2"‘|] are based.
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pre-order (indicating information flow) between situations in terms of arrows (1o be explained in section 3.2)
Letween the (sets of ) infons supperted by the situations.

3.1. Support-maps and support-predicates

Let us first understand the relation belween support-maps and support-predicates. Fix a collection Sef of
situations, and a collection fuf of infons, For now, we will not ask what situations or infons are. We
will simply assume that collections of these are given. To every support-predicate = between Sif and faf,
associate the function Ap = A defiped on situations 5 as follows:

Ar = JolsEa).
'I'hat is, going the epposite direction,
§ |= a & TE As .
Next, rather than considering the full collection Pow( Inf) of subsets of Inf, it will turn out to be uselnl bo
isolate the notion of an mfon-packe! | by postulating a collection /¥ of these infon-packets. An infon-packet is
a sct of infons. 1.6, TP € Powlfuf). We will not requize every set of infons to be an infon-packet; Lo we do

not assure I = Pow(inf). But we will require that sets of the form As be infon-packets. In other words,
a support-map A is (in part) = function from a collection Stf of situations to a collection IP of infon-packets

A5l — TP

A need not he surjcctive {i.e., onto); however, it is oflen natural to assuie an infen-packet s a sel of
infons that satisfies certain closure (as well as coberenee) conditions. Writing & [or an infon-packet, a closure
condition can generally be put in the form

EUE E P{Eu,'."]
TEL

where P i some predicate (or, in the terminology of sectinn 2.2, type). A concrele example is given by the
infon algebras (Sil, faf, =, E} in Burwise and Etchemendy [8], where the infons (eollected together in Hif}
are parlially vrdered by some notion of entailment = The requirement there that an mfan-algebra sutisly

the condition
iFe =T

spT
can he restated {without mentioning situations) as the requirement that a support- map have range [P, where
the infon-packets © £ ] satisly

rel g=rT

TE L
Bul nuw, what is the point of introducing the notion of an infon-packet, and reformulating Barwise and
Fichemendy’s conditions as canditions on ifon-packets? The answer lies in our category-theoretic formula-
tion of information fiow, 1o which we now Lurn.

3.2, Support-maps and information flow

1o give a mathematically precise account of information flow, it is convenient to adopt some terminology
[roin category theory. A cafegory iz roughly

» a collection of abjects, and

e acollection of arrows {or morphisiis} between objects (where an arrow iz & reneralization of the notion
of function).



Associated with every arrow are two (possibly identical) objects, its doemain and codemain. When the
codomain of an arrow f iz identical to the domain of an arrow g, it s possible to eampose the two arrows

I o9

to get bark an arrow, with the domain of f, and the codomain of g, Composition of arrows is also required
to be associative, and have identities. Without precisely spelling this cut, let us simply remark that the
essential strueture in a category lies in the arrows.

The notion of & suppert-predicate concerns only the object component (s opposed Lo the crucial arrow
component } of categories. Whiat is loteresting about information is that it flows; similarly, what is interesting
about a support-map is its interpretation of the arrows (=2 Qow).

We will form a category out of the collection [P of infon-packets by adding a collection Arr{IP’) of
acrows between infon-packets, We do this gradually, starting with a collection Are(fnf) of arrows between
infons, whick in turn is constructed from a monoid {Links, -, ) of “links.” The plan is that Are{af) will be
a certain subcollection of fnf « Links « Inf, and Arr{IP) will be a certain subcollection of [P = Links = [P
Fore, o' Cinf, B .5 € IV, and & € Links, let us write

(=]
IE}
a

for {7, 0,0} € Arr(inf} (where domain{m o, 6"} = & and codomarn (o, o, 0') = &'}, and

for (Z, 0. E) £ Aer(IP) {where domain(E, o, £ = ¥ and codomuin®, o, ¥') = )

The incuition behind (Tanks, e} 1 that an o € Links is a “link” hetween situations, as iHustrated in Lhe
following examples.

o In dynanue logic, a situation can be viewed as an environment for a program (e.z., the variable
bindings), and a link as some program suel as

= r+1l
that transforms the environment.

o In model theory, a situation can be taken Lo be a first-order model, and a link a function between
non-eiply sets (regarded as oniverses of models),

Mexi, the idea s that
[ E" ﬂ'J
means rovghly that for every s, 8" € S “linked” by o,

g supports ¢ implies s supponts o .

{What is rough here is the notion of “supports,” which is used inforinally above, ) Returning Lo the examples
above, oheerve that

o in dynamic logic, the Hoare tripie
P} o {@Q}

agserting that {the postcondition) @ always holds following the execntion of the program o al a state
in which [the precondition) P is true corresponds to



« Continuing the example of model theory above, an infon can be identified with a pair {(@{Z), [} of 2
first-order formula (F) and an environment f for il (ie, a function with T in its domain). Then we
might take

(@@, f} = (¢{).2)
to mean thal @(Z) = (¥), and g =wa f.

Having deseribed Avr{ Fnf), how do we pass to Are{/P)7 As an infon-packe is inlerpreted “conjnnctively”
fie., B AT), typically®, the idea is to apply the Hoeare pre-ovder

i

NLE & Yeelddela—o
For example, if Inf is made into a diserete category (1e.,

Links = {¢]
Arr{fufy — {{o,e,0)| e €inf} )

then [suppressing the link o since it can only mean £), the Iloare recipe yields
Y=d o uCE,
More interesting examples are provided in model theory, where a situation is a first-order model M. 1f

AM = {[£(F). J) ] ¢(T) s atomic, M = po[f]}

Lhien

AM D AN Iff o restricted Lo M is a homomorphism ;
ot

AM = {{@T) f) | #(F) is atomic or negated atomic, M = ¢[f1}

then

AMEZ AN Wff a restricted to M is s monasorphism
and if

AM = (2T, /)| 9(F) s elementary (arbitrary), M = @[f1}

then

AM AN ff o restricted to M s an elementary map

Mow, a suppori-map can be dofined '™ to be a functor & 51 — [P, wher Sit 15 pre-ordered by <
(indicating information flow). Spelled out, this means that for every s, &' £ Sit with 5 < &', A associates an
fowr & Arr(IP) with domain As amd codomain As' such that

fis = edentriy s, s
g mplies  fy a0 = faai foen

MNotice that in case

Ty g o ucrt,
¥ A mare gener;[ recipe [t arrows between infons to arrows between infon packets i currently being studied by the auther.
1% 5 slightly more clabrrate definition @ given in Fernando [13].
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the functoriality of A amounts simply to
s< s implies AsC Ag
a property often referred to as [stromg) prrsistence.

The reader familiar with the notion of a Kripke model might ask why not call support-maps Kripke
models? Yes, the idea is quite old; and, in fact, examples of it (such as elementary chains and ultraproducts)
predate Kripke. The author proposes to carry out a fundamentsl re-sxamination of thie notion, and to
investigate whether an analysis of the notion in a setting more general than that considered in the past
can be eulightening (or otherwise interesting}. At the very least, such a study ought o clarify where
certamn simplifying sssumptions are smuggled in (which, however mathematically fruitful, may for certain
applications be problematic).

Take, for instance, the duality often asserted bLetween situations and infons. Under the classic Stone
dualily, the situations are organized in a cortain kind of topologieal space, and the infons in a cortain kind of
distributive lattice Infons supported by the same situations are identified, as are situations with the swme
infon-packet. This becomes problematic when situations are allowsd to vecur qua object, inside an infon.
{5See footnoie 3.) Furthermore, the arrows in IP aud Sif are not touched by the duality. Indeed, the disparity
m structural complexity beiween a pre-order on situations and infon-packet arrows formed [rom a possibly
complicated monoid {Links, | ¢} makes an adjunction between Sit and [P hopeless (in generall. Why not
then allow 53! to have richer categorical structure? After all, the intuition behind links can be explained {as
done above) by thinking uf these links as existing between situations. Another intwition, however, is that the
arrows hetween situations are undiffersntiated and require analysis; that is what support-maps and infons
are for. I situations and imfons were inter-derivable, theg why bother introdlucing both notions? To this ope
may respond that a sciantic analysis s often taken to mean an extensionat reduction, and to carry oni such
a reduction, we need (intensional) nolions that, at the outset, are separale ibefore showing that, in fact,
they are not). There is, however, a consideration that is less perverse, namely, the principle of simplizity:
and simplicily comes down heavily on the side of 5if as a pre-order. To study different pre-orders between
situations, the 1dea then wonld be o study different support-maps (with possibly different domains). For
surely, if the notion of a supporl-map is basic o sifuation theory, then we hasd butler be preparved fo study
the different instances of the noton.

3.3. Some examples (classical, intuitionistic and everyday reasoning)

The author believes that support-maps ought to be treated as fundamental chjects of siluation theary, and,

a8 such, constructions ou thens ought to be studied.’’ Three kinds of constructions, in particnlar, seem to

ocentr with notable frequency,

Logical extensions, Given a support-map A, another support-map A is construeted with the same domain
as A, where for every siluation 5 in the domain,

Ae T Als
The infons i A's — As are in a natural sense (logically) compound, and are typically added Lo A's

wtrasituationally {ie., according only to As. and not to some As' where & # 5. An example is
Tarski’s inductive trath definition (for first-order logic) of

M= elf]
from atomic ¢ to (arhitrary ] elenwntary .

Persistent exteusious. This kind of construction again yields a support-tnap with the same domaim, but
differs in that it places emphasis on the pre-order < on situations. Expressed in terms of support-
predicates, the idea s that given a support-predicate =, Lo construct a support-predicate [=* which is
related to = in that

skETr o imples 35" m s o

''This then siggests the problem of forming, calegories of sppart-maps, and viewing these constructions as lunctors { Fernandn
[T},
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and which, moreover, is strongly persistent {i.e.,

sk e, sy imples s'ET @)

Such predicates are discussed at some length in Fernando [13]. For now, we temark only that the
largest such support-predicate is £ defined hy

sEe & Wrsld'2d S e,
which, when k= is strongly persistent and < & linear, amounts Lo taking the union ol a chain.

Itestrictions on situations. A given support-map can have too many situations in its domain in which
caze it i nselul te weed oul some situations. More precisely, given a suppori-ap AL S = I, we
might restrict & to a certain subeolleckion 5C At

With this general description, let us turn to perhaps the fundamental construciion in first-crder model
theory {which is related to the Lowenheim-Skolem, Gadel completencss and compactess theorems)

A consistent first-order L-ltheory T has a model of cardinality € maz(|L],w)
From tie potnl of view of the preceding paragraph, the construction can be broken into Llwao skeps, where

o I is Ui enllection of all sets ¥ of L'-sentences consistent witle | U Henkinge, where L' 2 L comtaing
Henkin witnessea as specified by a certam fixrd theory Henking.;

e [P iz partially ordered by the subsel relation;
w 51 = P, and A s the identity funclor.

In step one. a chain € C Sit ie constructed that is maximal in the sense that no s € Sif is strictly larger
han every & & (0 This corresponds to a restriction of situations:

A e A vestricted to O

In step two, the union of the chain € Le., a persistent extension of & restnicted to © — 15 taken (from
which the required model 15 then extracted by taking eyuivalence classes of constanis).

Near, one criticism that mnght be raised against the preceding “situation-thecretic” account is that it
misses the cleverness in the ronstruction (e.g., the idea of Henkin witnesses, and the conversion of & complete
Henlin cheory to a model]. But surely it s loo much bo expect situation theory tomnake thinking unnecessary.
The more serious objection to the account above is that it introduces notions that contribute absolutely
nothing to the constructivn . There is simply no denying that the notions of situation (as distinet from infon-
packel} and support-map are completely irrelevant here. And, in fact, how eould we cver dream otherwise,
¢iven that firsi-order logic is (as described in section 1) a theory of truth in 4 fixcd context (i.e., situation),
free (o the “anomalies” that plague, say, everyday reasoning” The very point of the completeness theoram
{a corollary of tlie construction above) is that in first-order logic, sitnations (e, first-order models) can (in
a precise sepse] be eliminatod because the syntax is complete,

Of course, Lhis docs not wean that there is no place for model-theoretic arguments; and Lhe notions aof
situation and support-map do, in fact, arise 1n more significant ways in various first-order mendel-theoretic
constructions such as (elemencary) chuins and ultraproducts. A parsicularly instructive example is the very
general formulation of forcing presented in Kesler [19]. The basic approach can be described as a kind of
intuitionistic auals to the fundamental result for classical first-order logic quoted above. Aund here the three
kinds of constructions on suppori-maps mentioned above lie very much at the heart of the method, which
proceeds as follows, Tix a counlable first-order language I, and a countable set ' of fresh constants, A
forewng property is a triple (P, %, I where

e (P <} is a partial order with a least element 0,
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s [P — Pow{{atomic LU -sentences}) maps an element of P o a set of atomic LU C-sentences such
Lhat for wll p, g € £,

psg implies fip) C flq) .
and certain other technical conditions are satished.

For our purposes, the puint to be made is that a forcing property is a particular kind of supporl-map. Next,
from a forcing property (% <, f). we pass to a notion of {strong) forcing | {between pe P oand arbitrary
elementary L U O-sentences ) acconding to
plFe = e fipl for atome o
rlEVe® o Jpedplle
Pl-e & ¥gzp onotglv
pIFIrgiz) & FeeCpl- ple)

[l- determines ancther snppor miag, which is a lozical extension of the forcing property. It is convenient to
igolate a third suppert-map [F* (weak forcing) obtained by & persistent extension of [~

P e & plmp
T Yy pIrogrl-e,

Finally, & model-theovetic analvais of | and =% leads to the notion of 4 generic seb, Given a forcing property
(P fioa gemeric sel is a subsat (70 P such that

pEG, =<y implies gE G
pog € e nnplics Jr 2 pg e
for every sentence g in LUC Ipedd plly or pl- e

Lt turns out that every p & Pis contained in some generie et and that for every generic set (7, the theory

Te = {elIrelplvl

bas a madel (o Tacl, o generee model). The step from P e OF s evidently a restrietion oo situations, while
the formation of Tg is another porsistent extension.

Tnsofar as tatk of the many trath values in a Boolenn algebra is replaced by talk of many siluslions,
Reisler's [ormulation above can he comsidered a situation-theoretic approach to Boolean-valued madels. (In
connection with the notion of polarity deseribed above in sectiom 2. il is clear in this context that a polarity
is mot & truth value. This is hardly surprising, mven the assertion in section 2.2 that infous are nol true or
false, proposilions are,)

In the preceding exawple, strong persistence holds (for forcing properties, strong forcing and weak
forcing}'?; that is, the arrows between infon-packels are rather howing  lo any cases (such as dynamic
logic), strong persistence fails, and the nature of the arrows between infon-packets requires investigation
It 35 in these cases where situation theory should be especially relevant, becanse the shifts in situations
tannot be ignored. As stressed by Darwise, common sense reasoning is such an exmmple. In particular,
uun-monotonie reasoning can be viewed as a consequence of the failure of certain inference operators on
snpport-lupps Lo preéserve strong persistence. Pot omore shoply, non-monotonie reasoning is the natural
outcome of the applicution of nen-monotanic operators (see, far example, Jager [18]).

¥ Helated, nnder coriain conditions, to forcing constouclions are priority arguments from veevrion theory. As pointed out to
the sather by Feferman, the notivon of ugury in pricrity argitments suggests that the natural logic of these argumenits vielales
strong persistence.

12



4. Further work

Conecrning the study of support-maps, two points, perhaps obvious, are, nonetheless, worth making, One,
support-maps must be studied side by side (rather than in wsolation). And two, the computational character
of support-maps descrves investigation.

In view of the first poiut (— not to mention the definition of a support-map in categorical lerms —),
a category-theoretic approach to support-maps would appear reascnable. “Lhis is pursued in Fernando [17],
where the relevance of cesinin developments in categorical logic is examined. As for the second point, recall
that section 2 closcd with the suzzestion of a formalization of situation theory in explicit mathematics. The
iden of o formalization in an untyped axiomatic setting (of which explicit mathemalics is an example) goes
hack to Plotkin [23]. ‘I'he author. however, was unable to appreciate the motivations behind such an ap-
proach until he olserved cerlain similarities between explicit mathematics and situation theory deseriled in
Fernando [16].7% While thar paper spells ont some guiding intuitions concerning vperations, types, proposi-
tions and situations. it fails (o farge a precise connection between situation theory and explicit mathernatics.
{ A more precise — but decidedly partial — formulation of the connection is attempted in Fernando {17].)

In addition to tlese loes of investigation {which are of a wore or less mathermatical nature}, there is
the guestion of providing an account ol the kind of “real world” examples of information flow in page 17
of Barwise and Ferry 9], and page 44 of Barwise (6], The preseut work considers examples of information
flow that are of an absiract character of the sort considered in page 14 of Barwise {6}, where the inventor's
paradox i& discussed in relation to getting “the flow of information to work out properly” to prove that

P+ S+ o+ (2k+1) = (k4107

The author vegards information as heing something abstract, and is not yet prepared to ascribe lo infons the
kind of physical existence ordinarily (and perhaps naively) aseribed to leptons. A treatment of “real world”
examples would appear Lo require a theary of the “real world,” and this is something that the author has
tried to uvoid (insofar as it is possible} by working on the mathematics of situation theory, Mevertheless,
he does hope that such a theory can be superimposed on the framework described in sections 2 and 3 that
would provide an account of more conveste cases of information flow. ldeas, for instance, about inguiry,
inference {(Burke [10}], and perspective (Sehgman [25]) miight be put in terme of movement hetween support-
maps. The hope i that such exereises | grounding, as they do, a mathematical framework in a conception of
“reality” ) may lead to further insights and initions about what situations and fons “realiy” are.

5. Conclusion

The reader may have noticed that the situation-theoretic approach sketched above goes against a certain
trend in attempts at formalizing ov mechwnizing thought. Since Godel's compleleness theorem, regearchers
engaged in such altempts have often suppressed the nolion of a situation, preferring syntactic formalisms that
slight the significance of the notien. Impheit in this is perhaps a suspicion that the notion is computationally
intractable. 1t is not elear i the anthor how to evaluate the validity of such concerns. It would appear that
aven withoul an explicit notion of situation, logie can be computationally hopeless (in any number of senses).,
The question then is whether serious semantic Lheories can be developed without the notion (recognized as
distinet from oller concepis such as infon and infon-packet). The author believes the answer to be “no”
and trusts that the matter can be studied mathematically.
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