ICOT Technical Report: TR-484

TR-4584

A Connotative Treatment of
Circumscription (Preliminary Report)

by
J. Arima

July, 198%

Co1yRg, 1COT

Mita Kokusai Ridg. 21F {03) 456-3191—5
“ :C] | 4-28 Mita 1-Chome Telex ICOT J32964
Minato-ku Tokyo 108 Japan

Institute for New Generation Computer Technology



A Connotative Treatment of Circumscription
[PRELIMINARY REPORT)

Jun ARIMA

ICOT Research Center
Mita Kokusai Bldg, 21F 4-28 Mita l-chome, Minato-ku, Tokyo, 108, Japan
Phone: +81 3 456 4365, C.Mail Address: arima

Keywords: Nemmonotonic Reasoning, Circwmseription, Equality, the Unique Name Assumption,
Domain Closure

Abstract

Circumseription proposed by MeCarthy is one of the most hopeful formalizations of nonmonetonic
aspects of commonscense ressoning. It has several versions, however, they are all proposed for denotative
minimization of predicates, that is, cireurnseription minimizes the extension of predicates. Regarding
such treatment, this paper considers three problems; absenee of abnormal things, a limitation on equality
and formalization of the unique name assumption. This paper proposes a solution for them by presenting
a connotative treatment of cireumscription. This treatment is based on the idea of circumscribing
predicates connotatively, that is, minimizing the set of names denoting objects which satisfy a certain
predicate.

1 Introduction

Consider the foliowing sibuation.

Situation: “A person in a living room hears somecne knocking on the front door. He knows that
if someone knocks it is normally a man, however, he remembers thal one time there was an exception:
Tweety, a woodpecker, knocked on the door. He is very tired, so rather than go to the door he calls
"Who is it?". The visitor does not answer...”

In this situation, we capeel that he would conclude that the anonym is a man after all and would
reluctantly walk to the door. He knows that if someone knocks it is nmma.ll}r a man and he has not
received any information that contradicts the conclusion. McCarthy proposed a way to represent facts
about what is “normally” the case. The key idea i3 minimization of abnormality and, to minimize some
predicates, he propose a form called circurnseription [5, 6]. For instance, the situation is cxpressed as
follows, (1o clarify our arguments, 3t is simplified.)

Example 1. Let a sentence, A, be

Wae{Knocks{z) A —Ablz) 2 Maniz))
A nocks{ Anonym)
MAB Tweety)
A=A an{Tweety)

and, according to the idea of circumscription, we minimize (circumscribe) a predicate, Ab, with allowing
a predicate, Man, to vary. We do so because we want to think that each object is normal unless
available information shows otherwise, and becanse we want to know whether the object is a man or
not. [Mowever, there are three unsatisfied points on such treatment of circumscription.

11 Absence of abnermal things

The circumscription of Ak with allowing Man in A to vary yields

Vo[ Ab{z) = ¢ = Tweety).



This circumseription says that Tweety is the only abnormal. This result is too strong and somewhat
unnecessary. What we want is the conclusion that the anonym is a man, that is, we want simply to
think that the anonym is not abnormal if it is consistent with the given sentence; we do not need to
know what is abnormal. To obtain the intended conclusion, why do we have to think that only Tweety
satisfies the property, Ab? It seems more natural to think that abnormal things except Tweety would
atill exist.

27 A limitation on equality

The most important and serious problem concerns a limitation of circumscription on equality. We
showed that circumscription (of any predicates with any predicates or functions that are allowed to
vary) cannot yield a new fact that varies the least cardinal number of domains of models of a given
sentence if there exists a model whose domain consists of finite objects [1]. Returning to Fxample 1,
from 4 and the result of circumseription (the above sentence} we can obtan

Anonym # Tweety 2 Man{Anonym).

However, we can never obtain the expected fact that the anonym is a man, Man(Anonym). Because if
circumseription could yield the fact then the circumseription changes the least cardinality from 1 to 2.
(Note that there is a model of A whose domain consists of one object; 8o the least cardinality of A is
1. However, in a model of 4 where Man(Anonym) holds, Anenym # Tweely holds, too. So the least
cardinal number of such models is 2). This is a contradiction and shows that without additional axioms
te A circumscription could never vield our intended results.

3) Formalization of the unique name assumption

Meaders may think of using the unique name assumption for the above problem. However, we do
not presently know satisfiable formalization of the unigue name assumptions. This is closely related to
the limnitation mentioned above. :

Reiter intreduced the idea of the "unique name assumption {or hypothesis)™ [7], that is, distinct
names denote distinct objects unless available facts imply that those abjects are equal. Some approaches
to formalization of the unique name assumption have been taken, but, we are not satisfied with them
yet. For instance, McCarthy's solution [6] uses the language which invalves the names themselves as the
only ohjects. So all assertions about ohjects must be expressed as assertions about names. This may
be considered unnatural [4]. Lifschitz presented anolher solution [4]. which provides (finitely many)
symbols for both names and denotation and introduced a unary funetion from names to objects. His
solution also invelves axioms which represent that the names are distinet from each other. Notice that
these axioms provides a sufficient number of objects to yield facts on inequality under the limitation
mentioned in 2). Yet their solutions are hoth insufficient by reason of the following two points; i) they
do not express the unique name assumption for infinite names (for the infinite names, infinite axioms
would be needed.) and ii) if the given axioms involves the domain clesure axiom their solutions cannot
be applied generally. Given a sentence with a domain closure axiom,

Vr(r = Jekyll v = = Hyde) A Man({Stevenson),

their solutions require three distinct names for Jekyll, Hyde and Stevenson which means that the
domain of any models of {inconsistent) sentences involving such objects must consist of at least three
objects. OF course, it is impossibie by the domain elosure axiom, which asserts at meost two objects.

This paper attempts to solve these problems. Our approach is to present a way to circumseribe
predicates connotatively, whereas each version of circumseription proposed so far circumscribes predi-
cates denotatively, Our result is called the connotative cirenmscription. Tt minimizes the set of names
denoting objects which satisly certain predicates. Intuitively, the sentence expresses an ides; “the names
that can be shown te denote the objects salisfying a certain property P from certain facts A are all the
names denoting objecls which satisfy P". We show this in the next section,



2 Connotative Circumscription

Let us consider & universe in which objects dennte syntactical form of grounded terms, that is, syntac-
tically distinet grounded terms correspond to distinet objects with each other in the universe (in this
sense, ohjects n the universe can be considered as names of grounded tenms). We call the universe
the connotalive universe and, by contrast, we call the usual universe which is represented by a given
sentence the denotalive universe. Now, let us return back to Example 1. In the connotative universe,
Anonyim, Tweely are denoted by distinel objects, Anonyin, Tweely, while, in the denckative, they need
not be distinet always. If we minimize abnormality in the connotative universe, that is, iff we rﬂ.mu:mze
a set of objects which denote abnormal objects in the denctative universe, we obiain a result, “Tweety
is only the name that denoles sbnormal thing”. Anonym is another name, so we would conclude that
“Anonym which is dencted by Allmwm is not abnormal™. As connolative rminimization constaraints
only objects which are named and it say nothing about objects with no names, such abnormal things
may always cxists. This could also be a solution of the first problem in the first section.

I some papers on the nnique name assumption, we can see a phrase, to mintmize equalily, however,
it does not express eorrectly what we want, becaunse equality is minimized from its origin denotatively.
What we want is to minimize equality connotatively. We want to minimize the case that objects with
syntactically distinct forms are identical with each other,

For these reasons, it seems reasonable to use circumscription connotatively, We propose & connotative
circurnseription, which minkmize 2 certain predicatwe connotatively, Details are as follows.

Our approach uses the language I = Ly U Le U Ly Ly consists of the logical symbols. Lg is
the exiernal language which i3 used for reprezentation of the concerning universe, that is, let o given
sentence A ke a sentence of Ly U Ly, and Ly is the internal language which is used for representation
of the connotative universe. We assume that a given sontence, A s clesed, that is, no variable occurs
free in A.

Ly consists of parentheses. (), logical connectives, AV, - 2 =, gquantifiers, ¥, 3, and equality, =
Botl Lp and Ly consist of symbols for predicates {constants and varizbles) and funetions (constants
wiel variabies), but are disjoint with each other. (Object constants are considered (hary functions ) If
a symbal, K s in Lg, Ly involves a somilar symbaol, K, represented by putting “ 7" over & { We
sav K= Kq,..., K.} is similar f0 Li= Li....,L,) if for each i [{; and L; are both predicates {or,
funmetions) anid ]H‘Wt‘ Lhe sarue arity). Thal is, an p-ary predicale constant P o= in Lg, Ly involves an
n-an predicate constant P, and similarly to functions, F, and each variables, pand f; F,p, F, f, ... are

in Lgand P p F, f _ arein L;. Fspeeially, we say a svmhol. & is pasred if K is a similar symbol in

lE.

We use symbaols starting with a capital letler (or “77 and a capital letter) for constants and a small
letler for varinbles.

Mareaver, let 1y imvalve 2 nnary predicate, 3 (for being 2 member of the connatative universe) and a
binary predicate, = (for connotative equality). | {7 is not alwavs paired, and = is not paired in the above
sense. As we will sce soon, = 13 related to cquality, = in Ly} Tet £ involve the following functions: 0
{for zera), S (for successor), + (for addition), = (for multiplication ), and T (for exponentiation). Let it
also tnvelve o unary function 1 (for assignment function of objects to its names in connotalive univesse),

CONNOTATIVIZATION

We handle the connofative universe in addition Lo the denofative aniverse and restrict the application
of |.'|n:l.u:m¢'rip1..iun Lo the connotalive universe. The connolative universe ean he considered as the domain
of the inner warld., We take a sentence from Lthe outer world into the inner world., We call this treatment
comnataligrsalio.

The connotative universe involves a set of natural numbers, some of which can be considered as
names denoting grounded terms in the denotative universe, Especially, with respect o a ceartain tuple
of fTanctions, F, in Lp, names are distinctly assigned to terms in F, { that is, terms constracted with
functions in F and ohject variables in Lg). The other functions in Ly need not to be distinguished.
Such universe 15 called connotative wniverse wori F.



First, to construct such connotative universe, we start with introduction of axioms on unigue naming.
Then, we consider connolativization.

1) Unigne Naming. The unique naming embodies each paired function, F,in F, in an adequate
function based on the number theory such that syntactically distinet terms in F can be distinguished
each other, where ¥ is a certain tuple of paired functions in L; and F is a tuple of functions in Lg
which functions in F are paired with. Speaking more concretely, as a result, each grounded term in F
it denoted by a distinct number each other as its name in the connotative universe. Before introducing
the axiom, we need some preliminaries.

(a)Number Theory Unique naming is based on a number theory represented by the following
sentence, Ny, where V4 15 a sentence

VE(S{z)#0) A VEHS(E) =S DE=1)
A VEE+0=2) A Vi §(E+S@) = 80 + )
A W 0=0) A Ve dzxS)={zxg)+2)
A VE(HI0=S(0)) A V3 §150) = (219) x 2,

where z & y stands for ~(z = y)
In the remainder of this paper, we abbreviate 5{0) as 1, 5{5(0)) as 2, and so on. We also abbreviate
F1j as #9. We call 0,1, ... (natural) numbers, and the set of numbers is denoted by V.

ER,

Then, we introdiece & foection, <" which plays a main rele in unigque naming.

Vor each n < 1, let a n-ary recursive function < >", satisfy the following conditions;

2n N% o W and for all numbers ay, .. a4, b, there is a 2-ary recursive funetion, § , such that
f<ay, .. o ="=1, ﬁ{b,U}:?l and F{b, 1) = wy (1<i<mn).

It iz well-known that such & funetion, < =" exists. For example, < a), ... 0, 2"= 2" xw 3M % ... %
Prin + 1)*~, where Prin) is the n-th prime number. OF course, we can easily construct a recursive
function, 4, based on unique factorization. It means that <>™ can be considered as a function which
encodes finite sequences of numbers to numbers which it s computable to decode inko their original
sequences. Note that it also means that distinct sequences are encoded intoe distinet numbers. We take
such a < ="

b Unigue I‘!'H.l‘nl-_* Axiom. Then, we introdoce the unigque name axiom. The unigue name axiom,.
denoted by U7y (F), which is the conjunction of sentenses

Hxll-“sr:l':ﬁ'l::zla"ntﬂj == .F, T1y---;Tm :“n+lj1

for cach & in F, where Flisa paired function and Fisa distincily assigned number to each function,
F,in Lg which F is paired with.

Note thal, as a grounded term in F is represented by a sequence of numbers, for each grounded term
we can obtain a distinct number as its name by applying recursively these functions that correspond to
each function in the term. (Also, note that < 3 JT1, - Ty 20 05 a function of Lp.) We can consider
< F.x, ..., 2, " as an peary funclivn from N™ to N, so we abhroviate this as F{zy,..., s ).

Mext, we consider connotlativization, )

In connotativization, we use an unary predicate constant, D, in Ly to represent the connotativized
outer domatn (Lhe denotative universe), that is, D stands for the connotative universe. Also, we use an
unary function constant, 11, (in L) of the connotative universe into the denotative universe. Intuitively,
the connotative universe eonsists of names and 11 maps each name to an object denoted by the name.

2) Connotativieation of quantifiers. To connotativize quantifiers, we introdnee the next sentence



{t:l A:mn(ﬂ,ﬂ)1
where A*™nT2} ie the conjunction of sentences formed by connolufivization of universal guantifier

(CV) and connetativization of enstential quantifier (C3).
Connotativization of universal quantifier is to replace sach universal quantifier Yz B{z) in A by

wa(D(z) 2 B(O(£)))
and connotativization of existential quantifier is to replace each existential quantifier 3xB3{(z) in A by
&(D(E) A BL{E))).

Connotativization of quantifiers means that objects which are denoted by names in the connotative
umverse satisfies a given sentence,

3) Connotativization of symbols.
We have inner predicates and functions in Ly corresponding to each outer ones in Lg. Then, we
intraduce a sentence which relativize them between the both universes in symbels,

{d) Connotative Function Axiom. First, we define the paired functions as functions which acts on
the connatative universe, The connotative function axiom, denoted by F—aziom( 2}, is the conjunction
of sentences

Wy, .. (D) A A D(E) D DIF(#, ..., 2a)))

for each n-ary paired function, I in L; (for (-ary functions, F., D(F.)),

F—aziom{ D)) states that each F' can be considered as a function of I inta D and that the result of
application of each paired function to any tuple of objects in the connotative universs is an object in
the connotative universe.

(e) H-axiom. We connect symbols and thieir paired symbols with each other by the H—ariom,
denated by -axiom(T; 0; =), which is the conjunction of (1L}') sentences

WEy, ... (D{F) A A D(xn) D F(I(#), .. TI{#)) = O(F(#,...,2.)))

for each n-ary function, I, in Lg and Fin Ly (for 0-ary functions, F,, F. = MW(F.) ), and ([1P) sentences

Ve, o (D) A A D(ER) 2 (PIED,. . JI(E)) = Plf, . 7))

for each n-ary predicale constant, P, in Lg and P in P (for propositions, P, £ = Fand (I =)
sentence

Way, Fal () A D) 0 () = [{£) = £1=249)).

[l-axiom(1l; ): =) states that the function, 11, can be considered as a homomerphic function of inner
world inte outer world which preserves the relations and funclions.

If we assume that {4) and {#) hold, A2***0) can be transformed into another sentence, Aronn(D),
in which ne symbals in Lg oveur. Next proposition shows that,
Definition.  Simple connotativization of 4 s to replace each universal guantifier ¥rB(x) in 4 by
¥&(D(2) D B(#)), each existential quantifier 32 B(x) by 3z(D(E) A B{z}} where f(z] iz a sentence in
which = occurs free, and to replace F by F for each n-ary function, 7, P by ? for each n-ary predicate,
P, and each equality = by =

The rezult of simple connolativization is denoted by AzennlD),

Note that A2"(D} js written completely in Ly U L.



Proposition 1.

Faziom( D) A D-aziom(Tl; D; =) 5 Ann(ILD) = feonn(D)

For this reason, we say that F { f’,i ) s eonnofaiimzalion of F' ( P,= ), and also, for a tuple of
predicates and / or functions, K, we say that K is connolalivization of K if each predicate or function in
K is connotativization of its corresponding predicate or function in K. Tn the remainder of this paper,
we usually assume that K denotes connotativization of K.

CONNOTATIVE CIRCUMSCRIPTION

Now, we can intreduce connofative circumscription. Connotative circumscription expresses mini-
mization of the set, (', of names, I, denotating objects, 11{£), that satisfy certain predicate . That is,
it is to minimize C in the eonjunction of the sentences (a), (b), (), (d) and ().

Ap AA= LD A B—aziom( D)AL—aziom(1L; £; =) AUn{F) is denoted by A(Il; D;=; F), or simply
abbreviated to A(F) if it is clear by the context.

[K /L] is substitution of L for &, such that K and L are similar, that is, A[K/L] represents a result
of substitution of L for K in A, where A is a sentence. We abbreviate this to [L] if it is clear by the
context.

KK < L means that K and L are simnilar, and stands for

V(R (%) D D)) A AN K (X)) O L (%)),

assuming that K=Ky, Kp and L=L,,..., L. And K < L stands for (K < L) A ~(L < ).

Definition. Let C,Z be a tuple of distinct predicate constants {which squality, =, iz allowed to be a
member of), and C, Z be connotativization of €, %, Alse, let F be a tuple of distinct functions and F
be connotativization of F. B is a tuple of all predicates and all functions in Lg. Let A be a elosed
aentence,

The connotalive corcumscriplion of C with variable Z in A w.r.t. F is the sentence

A(F) A -3m,& 8, e.(A(F) [, 8,8,e] 0 & < ),
denoted by U=Clir(4; G F).
The connotative cirewmscription can be sinplified remarkably by simple connotativization,

Proposition 2.
(1 O =i A O E F)

= A(F) A -3r, &, 8((AD) A F_ariom(D) A B—aziom(11; D; 2))[r, 8,8 0 & < &),

where E=aziom(II; [}: 2) is (Il =) sentence, and,
(2} moreover, when if equality does not cceur in C, &,

C=Cir(A; C; Z; F) = A(F) A =3¢, 2({A=™P) & Feaziom(D))[¢.8) A& < &)
Nate that Arenn(l s F—ﬂrium{f?} A E‘—urt’mn{]’l;f’; =Y is a senlence of Ly L.
In t-l}c reminder of this paper, we use the simpler definition of O'—Clir(A; C; Z; F) using proposition
2. Se, A{f'] stands for

Ap A A=) A F Cnziom(D) A N=aziom(1T; D; =) A Un(F)



and O—Cir{ 4; C, Z; F) denotes

A(F) A =37, & z[[ﬁl”““w:‘hff" —agiom( D) A E—aziom(ll; I, =))[r, &, 8 A& < C).

Example 1 {continued). We connotatively cireumscribe Ab with variable Man. In this case, we can
use the result of proposition 2. C—Cir{A; Ab; Man; Anenyrn, Tweety) is

Ay A ASNEY B _aziom( D) A M—aziom(IL; D; =) A Uy (Anonym, Tweety)

A-3ab, man(( A% A P —aziom(D))[ab, in) A ab < Ab),

where =3ab, wan(( A= 0 o f—aziom( [Y))[ab, Aan] A ab < Ab) is

] -

Vab, man(( AP0 & F_aziom(D))[ab, man] AYE(ab(E) 2 ABE)) D V&(Ab(£) 2 ab(£))),
Aronn(f) 5. ﬁ . . .
VE(D(2) A Knocks(z) A =Ab(z) D Man(#))
AK nocks( Anomym)
ﬂ.ﬁ(Tquty]

A=[fan( Troeety),

F—arimm( 1) is . L
D Anonym) A D{Tweety),

M--aziom(M; =) is

Anonym — ][{Anﬁym}
ATweely = H[T{u‘eém]

AVE(D(E) 7 (Ab(TI{£)) = Ab(£)))
AVE(DHE) D (Man(Tl{(#)) = Man(2)))
AVE(DNE) O (Knocks(Tl{#)) = K nocks(#)))
AVEL Fa( D(F) A D(F2) 2 (11{#) = M{x:) = £126)).

and [ag{ A::L-;:lr;-yrn,T'r}';e;tg,r:l is

Aﬂ;r?ym = .fllﬂr:unym A Ttﬁﬁ:’.y = Tweety

Tn € — Cir{ A; Ab; Man', if we substitute ab = Ai{# = T'weety) and man = A&(T), where T stands
for tautology {that is, T = (I W =F ) for & proposition, B ), then 1t yields

Vi(Ab(#) O & = Twesty),

that is,

WE{LHE) A AB(IL(E)) O & = Tweety)

This says that only the object named T° urzeigr satisfies Ab. As -inan.y-m and fuf.:ty is equivalent to
natural numbars by the unique name axiom, for instance, Anonum = (1 and Ttucr!y = 1, we abtain

-tA_F.-{ Ari.r;;;ym} M .ﬂ.r?-t-l.ﬂl:ﬂ na_:;yrn],

which i1z equivalent to
= Al Aremy ) A Manl Annayma,

=1



gince ﬁ(ﬂnﬁym] and M—azionm,

Note that this result saying “Anonym is not abnormal and a man”, is the intended result but can
never be yielded by usual circumscription. Morcover, ¥z((2) A Ab{[[{z]:l O # = Tweety) says nothing
about objects with no name, so ahnormal things may still exist somewhere. This shows that connotative
treatment is a method to salve the problems of absence of abnormal things and limitation on equality.
Example 2. The unique name assumption. Connotative treatment is also successful in formalizing the
unigue name assumption. We connotatively crcumseribe equality, =
Exnm{]u 2.a. Clark’s equality theory

{F) is finitely axiomatized if Lg are finite. Let A be a sentence in which equality does not oceur
positively. By the result in proposition 2. (2), assuming that F involves any functions in A, the
connotative eireumseription of equality, O—Cir(d; = F) 15

A(Fy AV, gqfrl,ai”““iﬂ\" A F—aziom{D) A E—aziom(I, D, =))[w, S/eq) A Yz, Gileql £, 5) O £24)
2 VE, §(2=8 D eql(2.4))),
which simplifies to
A(F) A Y7, eq( E—aziom(r, D, eq) AVE, fleq(,§) D £=0)
oY §lE=g D eqld, §))),

since = does not cocur positively in AsennlB) 5 F—aziom(D), which does not affect the process of
minimizing =. Substituting = for eg and Az(z) for 7, we obtain

Wi, GlE=) D & = §).

Therefore, ) )
vz, g D(E) A D(G) ALI(E) = TI(G) D & = §).

This says that distinct names denoctes distinet objects, which means a narrow definition of Lhe unique
name assumplion itsell [5&& Clark’s Equality Theory; [2]]

Mote that although there are infinite names (natural numbers) this formalization is finitely axioma
tizable if Lg is finite.
Exnmple 2.b. With & domain closure axiom.

Let A be a sentence

Vrlz = Jekyll vz = Hyde) h Man{Slevenson).

Here, we want to minimize eqnality, that is, consider the connotative circumscription of equality. In
C=Clir{ A;=; Jekyll, Hyde, Stevenson) (see Example 2. a.), A®nn(2) jg

VE( D) D 2=dekull V #=H ygde) A Man( Stenenson),

and F—aziom(D) is
D{Jekylly & D{ITyde) A D{Stevenson).

If we substitute Az, pie = yV e = J.-k-y” Ay — Stevenson ¥ # = Jekyﬁ A= .‘S'tewnsan} for =, and
IIy for =, such that if z = Stevenson Lhen Myfx) = TH:I:H else y{z) — =, we obtain

Ste;e;f‘isuni.j’;g;:.lﬂ

S VE iz D (E =0V i = Jekyll A j = Stevenson v i = Jekyll A & = Stevenson)).

Ap, Uy and the result of substitution of J;s-.ﬁ::_yﬂ, H‘;&e for =,y in the above sentence yields

Stevenson=Jebyll 5 ~{Jekyli=Hydc)



follows. Similarly, . o L
Stevenson=Hyde 3 ={J ekyll=Hyde)

holds. The above two results and Aronni ) yields
(Stetenson= [yde V Stevenson=J ekyll) A ~(Jekyll=Hyde)
follows. Dy [l—ariom and Frm—aziom, we obtain
{Stevenson = Hyde V Stevenson = Jekyll) A Jekyll # Hyde

This shows the result of minimization of eguality.

3 Options

In some applications, we may intend to obtain stronger results than the results from the connotative
treatment of eireumscription mentioned above. In this section, we brielly consiler possible and inter-
esting extension of connotative circumseription for obtaining stronger results.

1} “Absence of abnormal thing” i a criticiem for formalizing commen-sense knowledge by mini-
mizing abnormality denntatively, and connotative circumscription evades the criticism by minimizing
eonnotatively, For instance, in the bxumplc 1, connotalive minimization of abnormality brmgs a weaker
result, “Only the object named Tweety is abnormal”, than the result by the usual minimization, “Only
Tweely is abnormal”. However, in some application of ¢ircumscription, we may want to obtain such a
strong results. In the case, we add the following (IO} seulence to T—aziom;

Vg, e (Cay, o2 ) D 35 (DE ) A = IE N A AT (D) Az, = T(EL)).

It says that each object of a tuple which satisfies C has his own name, which means that IT maps the
extension of (7 onto the extension of {'. In Example 1, let us nssume t.lmt we add a sentence aobtamed
by substitution of Ab for £ i (L F) sentence to IT—aziom. We still obtain
Wi D(3) A ABII(EY) 3 & = Tweety).
"This result and (IO F) sentence vields
Vel Ab(z) O 35 PE) A x — TIE) A (AB(E) O £ = Tweety))),
which simplifies 1o
Vel Ab(z) 2 2 = Tweety).

Note that we can still obtain —Ab{ Anengym) A Man{ Anonym).
9} Anather interesting option is related Lo Skelemazafion. Consider the following exampie.
Example 1°. Let a sentence, A, be

Ya{ fonocks{a) A —Abz) o Man(z)),

Adz K noecks(x),
AaAb{ Tweety),
A=Man({Tweety).

Same to Example 1, “someone” knocks on the door, though we have no name of it. Should we guess
that il would be a man? T ecan not tell which is better. It would depend on the situation. Anyway, if
we think that we should guess s&, we can obtain the intended results by means of Skolemization in the
inner world.

We skolemize in connuotativization of quantifiers. 'LThe result 1s



VE(D(£) A Knocks(#) A ~Ab(#) D Man(s))
A riocks(G)
AAB(Tieety)
A=Man{Tweety),
where 7 is a Skolemn funetion. The connotative circumscription of Ab with variable Man still yields
Knocks((3) A ~AbG) A Men(G),
which is equivalent to
Knocks(11(G)) A —ABTI{E)) A Man(TI{G)).
This implies
3z( Knocks{z) n =Ab{z) A Man(z)).

Connotative circumscription based on Skolemized connotativization ( we say, Skolemized connotative
ctrewmseription ) has an important aspect. Skolemized connotativisation yields a universal sentence
(that is, ¥xA, where x is a tuple of object variahles, and A is quantilier-free) therefore, the next

proposition holds.
Propusition 3. Tet A be a consistent closed sentence, and F involve any functions in A. Any Skolemized
connotative circumseription w.rt. ¥ in A is consistent,

Note that circumscription is inconsistent generally [3].
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