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Absiract

The concept of the general-purpose reascping assistant svstem ls presented. We are
now developing a svstem named EUCDEILCS as a prototype of that kind of system.
It assists the user in describing the syntax of the logical expressions, defining a variety
of legies which consists of axioms, inference rules, and rewriting rules. and also in con-
structing proofs for theorems under the logic so defined. Proofs are constructed under
the support of the facility named “sheet of thought”, which is an interactive and visual
proof editing environment. Proofs are expressed and edited in the tree structured forms

of the natural deduction like stvle.



1. Iniroduction

fa

ic these dave. logics play important and svesn ess2ntiel rcies o many felas like
maibematics. cemputer science. artificial intelligence. and =2 2n. Iz fact. varicus logics
suck ae first-order. hirker-crder, equational. temperai. modal. imititicnistic. and ype
theorstic logice are used in these fields. and human reasoning activities based on these

logics appear in daily werk.

Here ihe phrase “human reasoning” is used to denote the process consisting of the
following three phases.

(11 Making mental images about the objects and concepts.
(2} Making logical models which describe the mental images.

(3) Exarmining the models to make sure that they are suffcient.

The process begins with the first phase when one becomes aware of some mental
images of cbjects and concepts having some structures and alse wants to clarify what they
are. To clarify the mental images, one has to describe them formally. A formal framework
for describing objects and concepts is called a “logic” in this paper. A “logical model”

is a logicul description which specifies some mental image.

The second phase is for making logical models. Since the language is important for
describing objects, at first, one defines the syntax of the language. In this phase, one has
to determine what objects, concepts, and relations appear in the universe of discourse.
The logical structure of the world of cbjects can be described by giving the axioms and
derivation rules. The derivation rules are given in forms of such as inference and rewriting

rules,

In the third phase. one derives results from the logical model. Cre comes to know
many formal properties of the model. At the same time, one examines the correctness
of the model. The model is insufficient if some properties which are expected to hold by
the image of the objects fail to prove in the model. In this case, one has to modify some
or all of the logical expressions about the objects. Sometimes one has to modify not only

the logical expressions, but alsc the definition of the language used for the modeling.

Since human beings reason in various fields, it is valuable to help them by a compurter
svstem. The purpese of the reasoning assistant system lies in increasing the efficlency of

the human reasoning process under the aid of the computer.

Two major subjects are pursued for realizing a reasoning assistant system. The
first one is the “generality” of the svstem. Here the phrase “general-purpose system”
indicates that it is logie-free. As S. K. Langer told [Langer 25}, we recognize that “Every
universe of discourse has its logical structure.” That is a thought that for each object
which we mention, there musi be a logic best suited for expressing abeut it. In order



to assist human reascnine for the object. the reasoning assistant system must have the
ability to allow the user 1o describe ail tLe exisuing legieal structures acd manipulate
the expressions under those logics. Qur system EUGDEILUS (proncunced “vou-oh -dee
les™) is named as ac acrenyin of tbe phrase by Langzer. This refiects our intention to

emphasize the generality of the syvsiem.

The ather subject is the “user-friendliness.” We investigate the reasoning-oriented
buman-computer interface that can be established as an aspect of reasoning supporting
facilities. A system having good interface so that it can be used easily, is heipful for
ome to conceive ideas in reasoning. Furthermere, a reasoning methodelogy, which often

reminds us of programming methodology, needs to be investigated.

We aim at building an ideal reasoning assistant system: which can be used for
general-purpose and is used easily. EUCDEILOS is a protatype of such a svstem. We
intend to clarify the concept of the ideal general-purpese reasoning assistani system
through developing and using EUCDHEILOS.

In Section 2. the reasoning assistant system is characterized through the compar-
isons to several other tvpes of system which can be used for assisting human reasoning,
specifically to theorem provers, proof checkers, and proof constructers. In Section 3. an
averview of EUODHILOS is iilustrated. In the succesding two sections, its two signifi-
cant features are described. In Section 4. the feature of defining logics is explained. In
Section 5, the feature of assistance for constructing proofs, called “sheet of thought”, is
explained. In Secticn §, some of the other features of EUODHILOS are illustrated. In
Secticn 7. some concluding remarks and the directions for future research are stated. In

Appendix, several proof examples are exhibited.

2. Characterization of the Reasoning Assistant System

We consider the following four as the system-types which can be used for assisting

human reasoning:

(1) reasoning assistant system
(i) automated thecrem prover
(iii) proof checker
(iv} proof consrructer
In the rest of this section the reasoning assistant system is comparatively charac-
terized with other tvpes of system. In Subsection 2.1 the reasoning assistant system is

introduced, and its characteristic features are exhibited. In Subsections 2.2 to 2.4, it is

compared with each of the other tvpes of system.

- -



2.1 Reasoning Assistant System

The surpese of ihe reasoning assistant syvstem 1S to suppert the whcie phases of
Suman resschlng procsss. The comeepu of the syvstem comes from the philosophy of
Targer Lzoosr 23. iptroduced ip Secticn 1. and the recogniticn thae the {mathematical)
reascning proceeas through “Proefs and Refutations” [Lakatos 76].

The foilowing two major characteristic features of the sysiem reflect these underlying
concepis respectively:
(i) Logic free
(i1 Possession of user-friendly proof sditing environment

Figure 2.1 is an iilustration of how the

reasoning assistant system is used. Io the SYMBEH  —meememamnnes |
. _ Symtax —————— — Fa
upper half of the figure which corresponds to B )
. . 1 Inference e ' ‘{I H{.E,;__
the feature (i), the user specifies sach of the T

componeats of logic, l.e., svmbaols, syotax
of expressions including (logical} formulas.
inference rules. ste. In the lower half of Fig-

ure 2.1, corresponding to (ii), the user tries
to construct proofs of theorems under the

logic deficed in the previous step. Proof:

are searched by irial and error.

EUCDHILGCS is the only ome reason-

ing assistant svstem. Io the syvstem. par-

tially coopstructed prools. which are called
proof fragments, appear scatteringly oo a
sheet of thought. The user edits these proof Figure 2.1 Reasoning Assistant System
fragments by the editing commands such as

create, delste, extend (derive), connect. separate, and so forth, The sheet of thought is
the envircnment for creating theorems and their preofs. The theorems on the sheet can
be saved zo that they may be reused in the later proofs for other thecrems. They can be

used just 1o the same way as axioms.,

2.2 Auntomated Theorem Prover

Arn (automated) theorem prover is a system which searches a preef of a given formula.
Figure 2.2 illustrates how the theorem prover is used. In the upper half of Figure 2.2, a
user tries to prove a formula. The user starts by putting an assumption of the formula.
But he has po idea how to proceed the proof. In the lower half of Figure 2.2, the user
gives the formula to the theorem prover. The svstem finds out a proof, and displays it

on the serean.
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The situaticn in Figure 2.2 1s. 1n fact, an

ideal ene. Considering the current state of

. B | [ Thaarem
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provers. there is little hope of finding practi- o
callv useful proofs avtemarically by comput- -

ers., From this observation, theorem provers

are to be used for findine only those proofs
which fill small gaps which appear in a large
procf. If the gap in a proof is small. the Figure 2.2 Theorem Prover
prover can find the procis effectively. On one

band human beings are good at making a plan how to find a proof; on the other, thev
are not good at deing things accuraely, Machines are on the contrary to human beinge.
This is the reason why we pav attention to support the process of human reasoning by
the computer. The capacity of compurers for finding proofs can be used as a part of a

reasoning assistant system.

2.3 Proof Checker

A proof checker is a system which checks

the correctness of a proof described by the
user. Figure 2.3 is an illustration of how the
oroaf checker is used. In the upper half of
the figure, the user makes a proof of a theo-

rem. A human proof may contain some care-
less mistakes including small gaps in a proof.

The checker provides a language for describ-

ing human proofs. By using this language.
the user describes the preof. In the lower
balf of the figure, the user gives the descrip-
ticn of the proof to the checker. If the checker

finds errors in the proof. it shows them on

the screen. We can see an error indication in

Figure 2.3. Figure 2.3 Preof Checker
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Mary preof checkers have been develop=d up 2 gow. AUTOMATE c2 Brugjn 70
is a proof checker in which the user can specify how the proofs are constructed. PL/CV2

[Constable 82] is used for proving the correctness of PL/1 like programs. CAP-LA [ICOT
S} deals with the proofs on linear algebra.

2.4 Proof Constructor/Editor

A proof constructer is a system which supports a user to construct proofs as well as
thecrems through the interaction between the user and the svstem. The proof construc-
tion is. in other words, a “proof editing.” Users edit proofs. precisely proof fragments. by
inputiing, deleting, and combining the proofs. Irom this point of view. a proef consiruc-
ter is a proof editer. The function of the proof construetor is ineluded in a reasoning

assistant system as an aid to proof constructions.

Figure 2.4 i= an ilustration of how the

proof constructors are used. The user oger-

actively uses a proof comstructor by entering [ 4o 06 imenm E!
some commands and tries to find a proof of ' m ssmmesE N
zome theorem. ii . ‘
j| - )

Many proof constructors have been de- y: =

veloped up te now. For example, LCF [Gor- Y m————\
don T9], FOL [Weyhrauek 80], EKL [Ketonen
84} and Nuprl {Constable 86] are well known. Figure 2.4 Prouofl Constructor

The purpose of Nupr! is very similar to
ours. It aims at providing the proof comstruction environment for various logics. But
the approach to the realization of it is different from those of the reasoning assiscant
svstems. Nuprl has a fixed underlving logic and other logics must be defined by using the
expressions in this logic. In the approach of reascning assistant system. even the syntax of
the logic is specified by the user. It aims at the complete realizution of logic {res svstems
which can assist human reasoning in the various fields. Proof construction methodologies
are also different. Iz Nuprl, proofs are constructed ooly by refinement, while iz the
reasoning assistant system, proofs are constructed Ly three types of deductions: Le, by
forward, backward (same as refinement), and interpoiating deductions. The interpolarion
is a deduction which fills a proof gap between wwo formulas. Another difference is on
user-interfaces: that is. Nuprl has been based cu character displays, while EUODHILOS
uses bit-mapped displays so that svmbols can be expressed as its patural shape on a

paper.



The significant aiffersnce between the prosi consfruciors ana ibe reascning assistant

evererme ie thar i the former. underiving legies are fixed, wrile in the latier, uncerivine
izgizs can be defiped by the user. There are merits anc demerits {or Sodng the underiving
logics. As @ merit it is =asy [0 INTTocuce some specific procecdures suited 1o the logic, As
a demerit. if the svsiem 1s applied for general cases of Buman reasocicg. the fixation of
logic may restrict the reasoning abour some objects under consideraticn. In such a case,

a general framework freating a variety of logies is required.

3. Overview of EUODHILOS

ET'ODHILOS is a protorvpe of the general-purpose reasoning assistant system. [ts
flrst version is now werking on the sequential inference machine PSI on an operating
svstem named SIMPOS.

It is designed by considering the foilowing issues:

(1) Realization of a logic-free reasoning system, based on the philosophy in [Langer 25].

{2) Provision of an environment to be used easily to those who are not pecessarily
familiar with computers.

{3} Support of logical thoughr, svmbelic or logical manipulations done by human rea-

SOIErs.

(4) Environment for experimenting logical model construction based on the philosophy
in [Lakatos 76].

The issue (1) is reflected to EUODHILOS in its logic definition feature which is
shown in Section 4. Tor (2), 1t is implemented under the overlapping window system with
bit-mapped display. Tt can be used easily because most of the operations are achieved
by selecting the menu item with the mouse. For (3) and (4), the major tools used
in EUODHILOS are “editors.” The user can modify the language definitions, logic
definitions, proof constructions. and so forth directly through the visual editor windows.
Considering the importance of the proof consiruction, the system provides a special proof
editing environment called “sheet of thought”, which is an interactive, easy to use, and

visual proof constructor.

Figure 3.1 shows an overview of EUQDHILOS. The system consists of twe major
paris, one for definipg a user’s lcgical syvstem and the other for constructing proofs in
a sheet of thought. The former is concerned with the second phase of buman reasoning
discussed in Section 1. It provides the feature for defining the syntax of logical expressions
called (well-formed) formulas and the logical structure of the mentioned objects, as well.
The latter is concerned with a proof construction which corresponds to the third phase of
human reasoning. It is a proof editing environment, where the user construets the proofs
by trial and errar. On the sheet of thought, proofs are expressed in the form reflecting
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Figure 3.1 Ap Overview of EUODHILOS

their derivation structures. o EUOQDHILOS proois are represented in natural deduetion

style, Le, a tree structure. they are shown in their familiar representation.

Amonyg the varicus features of EUODHILOS. we put stresses oo the following topics:

(1} Defining Logics

(il) Constructing Proofs (Sheet of Thoughe)

In the following Sections 4 and 3, the features of defining logical expressions and
supporting to construct proofs on the sheet of thought are sxplained respectively mainly
Dased on the specificaticn {or the current (the first) version of EUODHILOS.

4., Defining Logics
4.1 Language Description Feature of EUODHILOS

Im EUCGDHILOS, a language syvstem tc be used is designed and defined by the user
at the first stage. The languare system consisiz of the specifications of the syntax of
the logical expressions (Le. formulas). The svntax of the expression 1= given by using
definite clause grammar (DCG){Persira 80] in the first version. We intend to modify
DCG by adding the cperator-declarations in the second version in order to decrease
the amount of descriptions. From the description in DCG. a bottom-up parser called
BUPMatsumote B3] can be automarically gensrated. We modify the BUP algorithm by
adding the function so that the augmented cperaiors can b= treated.

The system generates not enlv a parser, but also ap unparser for the defined lan-
guage. The unparser translates from the internal expressions into external cnes which
can be understocd by the user. The parser and unparser are used in all the following

phases of symbel manipulatiors. When an expression is sntered. the parser is invoked for



cbecking the valigatien of 1t. Ar the same time the interzal strucrtures of the expressico of
the lanmuage are copstructed as well, When derivaticn commands are given by the ueer
the internal expressicns of the formulias are manipulated and new interzal expressicns are
senerared. These expressions are presented to the user atier irapsiated into the external
ones by the unparser.

Figure 4.1 ig an example description of the first-order logic in DCG with operater

and symbol declarations.

Svntax description:
Zormuia( = (F!,F2)}—Ffermulal(FL), "=", formula(F2)
formula(’A’(F1,F2))—formula(FL), "A", formula(F2)
formula{'V'(F1 ,F2))—formula(F1), "v", foermula(F2)
formula(i=!(F))—"=", formula(F)
formula{F)—atcmic formulal(F)
atomicformulal(F)—"(",formula{F} ,")"
atomicformula(F)—predicate_symbol(P),"(",term1ist(TL),"}",

{F=..[PITLI}

termAist{[T])—term(T)
termlist {[TITL] )—term(T),",",texmlisc(TL)
tern(T)—functicn symbal(F)," (", term1isc(TL},")" ,{T=..[FITLI}
tern(T)—variable.symbcl(T)
term{T)—constant_symbel(T)

Cperator declaration:
=.ft.  xfx, 100
"ats yix, BO
"yt yfx, 50
=ty Iy, 20
Symbel declaration:
predicatesymbel: “p"-"r"
function-symbol: “Mf"="h"
variable symbol: "x"-"z"
constant-symbeol: Ma"-"e"
Meta symbol declaration:

Icr:r.ula.: HPII__HTH
—aTm: ll:_¢|1|_1rnii

Figure 4.1 A description of the first-order logie

4.2 Derivation Description Feature of EUODHILOS

A derivation svetem in EUODHILOS consists of axioms and derivation rules which
are given as inference and rewriting rules. A finite set of formulas is given as the axiom

svetem. Inference rules are given in a natural deduction like style presentation by the



geer. Arn irfersnce rule copsists of three parts. where the first is the premuces of a rule.
- hays a0 assumplion. the seccna s the conclusion of a rule. azg
fpaily the thizd is for the restricticn that is impesed on the denivations of the preruses.
such as yariabis ocourrence conditions (eizenvariable). Well-known typical siyles of legic
presentaticos suck as Hilbert's style, Gentzen's sivle. equational style can be treated
within this framewerk.

Schemarically, inference rules are given in the natural deduction style format as

follows:
[Assumption;] [Assumptions) --- [Assumption,]
Fremise Premizes Premise.,
Conclusion

In this format. each of the assumption parts i€ optional. If a premise has the as-
sumpticn. it indicates that the premise is obtained under the assumption. and otherwise
it i¢ obtained unconditionally. An inference rule may have a condition on the eigenvari-
able. An inference rule is applied if all the premises are obtained in this manner, and
the resirictive condition is satisfied. Then. the conclusion is obtained by the application
of the rule.

Rewriting rules are presented in the following format:

FPre_Expression
Post_Expression

A rewriting rule indicates that it is applied to an expressicn when the formula has
a subexpression which matches to the pre.expression part of the rule. The resultant
expression is obtained by replacing the subexpression with the expression correspending
to the post-expression part of the rule. Rewriting rules have no condition of application

in the first version,

Iteratineg the applications of the derivation rules described above. one can get a
derivaticn (tree). The following Figure 4.2 is an example of the derivation using both

inference and rewriting riies.

zys.lx + y}: = Iz Yz {"E‘"E}
(a =0)b = ab + 0b

(z+0—z)
ab = ab = 0b (t=y—z+z=y+z)
0=0b (r=y—y=2)
0b=0 _ vI)

Figure 4.2 A derivation in EUODHILOS

-0 -



5. Constructing Proois

-

in EVODHILCS ar envircnment called the “shest of thousht”™ provides the assie-
tance to find preofs of theoreme by trial acd 2rror. This origicates from a metapher of
werk or caleulation sheet and is apparently arzizzous o the concest of sheer of assertion
due to C. 5. Peirce [Peirce 74]. It allows one to drafl a proof. to compose proof fragments.

detach a proof. to reason by using lemmas. and so on.

On the sheets of thought. preof fragments (in other words, partially constructed
proofs] are the elementary units for manipulation. Proof fragments are newlv created
as assumptions. axioms, or theorems of the theory, which are composed. and deleted
according o the cperations given by the user.

Ip a sheet of thought. applications of inference and rewriting rules are possible in the
same style as those users use on the paper. This naturally induces that the appearance
of a proof structure on the sheet is also the same as that on the paper. This way of

treating is considered as an example of the proof visualization.

It is desirable that reascning during proof comstruction can be done along the nat-
ural way of thinkicg of human reasoners. Therefore EUCDHILOS supports the tvpical
methed for reasoning, that is, forward (or top-down) reasoning, backward (cr bottom-up)
reasoning, interpolation (i.e. filling the gap between proof fragments) and reasoning in a
muxture of them. They are accomplished interactively by manipulating the fragcments on
a sheet of thought. It is planned to incorperate not only such a proving methodology but
also methodelogy of science (e.g., Lakatos” mathematical philosophy of science {Lakatos
76:. Kitagawa’s relativistic logic of mutual specification [[itagawa 63], etc.).

As an example of deducticn process on a sheet, we will illustrate how one can proceed
the forward deduction. In order to deduce forward by applying an inference rule, one
bas to start by selecting the formulas used as premises of the rule. The selection is
achieved with the mouse by clicking the desired formula. Then the user may select the
inference rule by calling the operation menu of the sheet, or he may enter a formula as
the resultant formula. If the user selects a rule. then by the “do it” command (action) the
system applies the rule to the premises and deduces the resultant. If the user indicates
the resultant formuia. then the svstem searches the list of deduetion rules and tries to

find one which is applicable to this deduction.

Among the editing functicns on a sheet of thought such as delete. copy, meve, undo,

separate, etc., we will illustrate two of them: connection and separaticn.

(1) Connection

The user can connect two proof fragments if they have equal formulas, where one of
them must be a resultant of a fragment and the other a hypothesis of ancther fragment.

The connection operation begins with selecting the two formulas by clicking them with

- 10 =
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| C D !

Figure 5.1 Connection at B

in the left part of the figure are connected at the formula “B”, and the fragment in the

right part is obtained.

(2) Separation

This operation is just the imverse

of the copnection.

When the user indicates a

formula in a proof fragment and selects the command “separate” in the operation menu.

then the fragment is separated into two parts at the position of the selected formula. We

will omit the figure for this command because it gets the two proof fragments frem a

selected one in just the inverse way of Figure 5.1.

Figure 5.2 is an example of the screen image of sheet of thought in EUODHILOS.
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Figure 5.2 Sheet of Thought
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6. Other Facilities for Reasoning

In order to make the system user-Triendly and easy tc use. we have o pay much
attention to the visualizavon of things. For this purpose, the bit-mapped display with
multi-window environment. mouse. icon, pop-up menu, ete. are sxpleitec o the imple-
mentation of EUCDHILOS. The followings are available as the user-imterface facilities

for inputting formulas. visualizing formulas, and assisting reasoning.

6.1 Software Keyboard and Font Editor

The software kevboard and the font editor are used to design and input special
svimbols often appearing in various formal systems. [t is a matter of course that provision
of special svmbols which reasoners are accusiomed to use makes it possible to reasonin a
natural way of thinking on a computer. The user designs the fonts of the symbols in the
dot matrix pattern of them by using the built-in font editor. These fonts are assigned
on the software kevboard and are used with the corresponding kevs. In Figure 6.1, one

can see a software kevboard on which user-defined svmbols such as V, A, =, 3, etc. are

artached.
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Figure 6.1 Usicg the user-defined fonts in the system.

6.2 Formula Editor

The formula editor is a structure editor for logical formulas. It aims to simplify



ipputiing formwias by displaving complicated formulas. In addition to ordinary eaiting
funeticns. it p:G‘-‘]dEE scme formula rewrniticg fupeniczns, It cao be useo zet oeiy for
eniering ormulzs. but aise for just displavizg the structure of formuias cleariy This is
a visualization of formuias. You ean zee the formuia editer in the bottome-ricot corner af

Figure 5.1.

6.3 Stationery for Reasoning

Independently of a logic under consideration. various reasoning tools such as decision
procedures become helpful and useful in reascning processes. In a sense it may also play
a role of a model which makes up for a semanticai aspect of reasoning. You can display
and erase the stationery at anv time within the svstem. Currently, a logic calculator for

Boolean logic is realized as a desk accessary. Figure 6.2 indicates what it looks like on

the screen,
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Figure 6.2 Boolean logic caleulator

7. Concluding Remarks and Directions for Future Research

The first version of EUODHILOS is now available and the second version is under
development. The system is being improved by reflecting the experience of using it

So far, we have dealt with logics, such as first-order logic (NK), propesitional modal
legic (T), intensicnal logic (IL), combinatery logic, and Martin-Laf's type theory. Many
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logics can be treated in the current version. Though, some logics such as tabieau method

sz oot e rrezred in the surrery (ramework for logic description. \We intend to extend

From the sxperimenis =0 far in EUVODHILCS, the foilowings become aware.

(i} Describing the svorax of logical expressions is difficult at first. But. by making good
nse of the experience. it becomes easier. If the system keeps descriptions for typical
logics as a library, the description of a new logic is an easy task even for beginpers.

(ii) On a sheet of thought, users are free from deduction errors. On the paper, they
mav make mistakes io deriving a pew formuia when deduction rules are applied.
The difference is unpertant. because the users have to pay attentions only to the
decision how to proceed the proof on the sheet of thought.

(iii] The reasoning assistant system can be used as a tool for CAL In the system. users

can deal with a variety of logics.
The current state is the first step toward the realization of a practical reasoning as-

sistant svstem. To put the step forward, we have to investigate various subjects including

the followings:
s Treatment of relationships between meta and cbject theories
e Maintaining dependency relations among various theories
» Opening up various new application fields of reasoning
o Improvement and refinement of human-computer interface for the reasoning system

The experiments with different logical systems have shown the potential and useful-
ness of EUQODHILOS in the realm of logies appearing in various fields.
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Appendix

™

In this Appendix zeverai procl 2namples are exihipited.

Firsi-Order Logic with NK
(A} Smullyan’s logieal puzzles (originates in combinatory logic) [Smullyan 85]

Axioms:
(1) Ve mez=zez [Mockinglird Condidion; m 1s the mocking brrd)

{2) Yr¥ySzVu sew=re(yew) (Composilion; : 15 the composilion of  and y.)

Theorems:
(1) Yz3y (xey=y) (Every bird of the forest 15 fond of at least one bird.)

(2) 3z (zrex ==z} (At least one bird 15 egocentric or narcissistic. )
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‘) Unsolvabiitzy of the haitins nroblem
LA L =

Axioms:
(1) 2z (A=W (Sl o ¥ Dizoy 1)) 2 3w (ClwdlYy (Clyi = ¥z Diw. y =)
{Church's hesis)
(2 Vw (Cle)&Yy (Ciy) > ¥ Diw.y. 20 2
Yy ¥ ((Cly)&Hiy.2) 2 Hlw.y, 2)L 0w, g))k
(Cly)ke ~ Hiy, ) 3 H(w. y, 23 Ofw. b))
(31 Jw (Clud&eYy (CIEH(y, v) 2 Flw. y. )& O(w, o) &(Cly)k ~ Hiy.v) 2
Hiw.y, 1)&0(w.8)))) 2
Sv (Clv)eYy (ClydeH(y, y) 2 Hiv,y)&O(v.g))&
(Clyid ~ Hig,y) 2 Hiv.y)&Oi(v. )
(4} Sv (Clv)&¥y ((Cly)eH(y, y) 2 Hlv.p)&0(v.0))&(Cly )& ~ Hiy, y) 2
Hv. i&O(v. 813 o
Su (CluddeTy (Cly)& Hiy, v} D~ Hiu, y))&(Cly)& ~ H{y. ¥) = Hiu, y)&O(u. b)
Thecrem: (Ne aigorithm fo solve the halfing problem exists.)
~ 3z (A(2)Yy (Cly) 2 9= D(z.y, 2)))

)

progf_agdioor

i (G i By CECg v El (s e S ISPy I (G Dy ) by &0 Sl g &) B0 oy g0 P CG ) Pl BT Gy e R0 (e b 220

(Ciml b dwg (0 Iy I SIvED (n, e 201 111wy O (CEC b BHy, 2 bSTH Tn, . TR0 Ta, g1 1 b0 ID Iy ik ~Hiy, 230 IS (Hin, g, 2140

gl DO (C b AR . 2332 H e, o 2RO Cm. g P0Gty b i Cy, 2D IS OH (. g, THADA

e e, -

wr Ll Cigi g, 2RI, s b0 in. gl ) 13 LG igidCanic, SIS IMin. g 2340

. KD (iCighbiMic,chdiHin, c.chd0 i, gh ) 2B ((Cig)d (=Mic, ch}iD0Min, o, c1&OL

LR LD
Wy (CiCighlHdg, whiSiHla. g whdCim, @] 113 CICInd b i=Hiy, ph i tHiB, g wid

A Clir B o8 (7 U <>

Claldiwy t IRy ALY, 4l lsdHla, y, whdOda, gl I bR LISk b (~Hly, Wh 1 IS iHiE, 4y wbEDia,. BIIIL]

BalClwid frad (I (gl dHly, gl 1Ml oy A0 lwe g3 1 A ELE(yad i~Hig, wi i IsiMiw, o ulB0dw, B313)

SudSiwhd teg t (IS iyldHlye @) 12 0H T, ya i)

4

EF PR R E T W ST AT T PETE M r S B B B ]

B




Propositicnal Modal Logic
Thecrem: 2 sireng correciness assertion 18 impited from a termination asseriton and a
WESK COTTECINESS asyeTiion. )
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Martin-Lof's Intuitionistic Tyvpe Theory
Theorem: {The law of ercluded middle cannot be refuted. !
~~ (PV ~P) (= (PV(P2L)DLj20)
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