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ABSTRACT

The QPC system was implemented in the experimental study of the
application of the notisn of realizability to program synrthesis. This
paper presents the program extraction algorithe of OPC. Two examnples,
a prool of the course of value induction with mathematical induction
and A program that ealceculates the greatest common divisore of natural
numbers, are investigated. The computational meaning of the course of
value induction schema is explained with some performance analysis.
Optimization techniques using proof normalization and the modified
“W/—ocode are alsc presented.

1, Introduction

ks has been discussed by many researchers ip terms of the relationship
betwesn intuitionism and computation, constructive proofs can be seen
as a very high level description of slgorithm. Following this notion,
intelligent programming systems such as the Nuprl system [Constable 86)
based on Martin-Loef's theory of types [Martin-Loef 82] and the PX
systen [Hayashi 87] based on Feferman's theory of functions and
classes [Fefermano B2) have been implemented., The notion of proot
compilation is important in these kinds of systems to make constructive
procis executable on computers. In [Takayama B7), the basic design of
our programming system with proofl checker and proof compiler system
based on J, Sato’s theory of typed logical calculus OJ [Satoe B85}, is
presented, The proof compiler in our system is called QPC, OJ based
proof compiler,

This paper presents the proof compilation technigue used in QPC. OJ iz
a constructive logic based on logic of partial terms. Types and logic
are identified ip the formulaticon of comstructive type theory, but
they are strictly separated in OF, and a realizability interpretation
of 0J, a kind of Curryv-Howard's notion of formulae-as-types [Howard
B0}, i= given to link tvpes and logic., A slightly modified subset of
0T and its realizability interpretation is used here to write formal
proocfs and te extract programs from the proosfs.

To generate efficient code from prooifs, there are several problems to
be concidered, As iz well known, the ecourse of wvalue industisn ecan be
proved by mathematical ipduction and vice versa, 5o that as lomg as
cne is interested in the expressive power of formal legical systems to
write thecrems and proofs, there i2 no need, at least Ifrom the
theoretical point of wview, to add the course of value induction schema
te the formal system with mathematieal induction schema. The course
of wvalue industion szchema corresponds, in terms of the
formulae-as-type isomorphism, to the divide and congquer strategy such
as that used in the guick sort program and the program that ecaloulates
greatést common divisors (goed) of natural pumbers efficiently,



However, if the course of wvalue inductior schema is simulated by
mathematical induction and introduced in the programming system as an
induced rule, the extracted codes are not efficient.

The second problem is how optimization is performed on the codes
extracted through realizability interpretation. The noticn of proof
normalization such asz Geptzen's cut elimination is likely to be
effective for this purpose.

Section 2 gives the algorithm of proof compilation. Sections 3 and 4
show the extraction of & ged program from a proof tree. In Section 3,
the problem of the course of value induction schema and efficiency is
digeussed through the examples given in Sectiens 3 and 4. Section 6
workes on the optimization teshnigue based on normalization of prooci
trees, and an easy and powerful optimization technigue, the modified
ws~code, is introduced. Section 7 overviews the experimental
implementation of the proot compiler system, apd Section 8 give the
conclusion.

2, Proof Compiler

Thie section gives the formalization and program extract algerithm of
the QPC syatem. The oariginal verszion of the QPC hagz only mathematiosl
induction as the induction schema. Tt does not have any optimization
fapilities.

- 2.1 Notational Preliminaries

1} nat
Type expression of natural number: &, 1, 2, ... Two canonical
number theoretic functionS, 'suec' and 'pred', are
agsociated with this type structure.
0J has other type structures such as disjoint sum, Cartesian
product, function and recursive type structure with which nat
and list type are defined. However, these type structures are
not used explicitly in this paper.

The term expressicns used in this paper are listed here, '==' is used
Lo dencte definitional egualities throughout the followino description.

2y 0, 1, 2,
Elements ef type ‘"nat’,

) X, Y. T ...
Individual wvariables are written in capital letters. All the
variables have types, and X:Type is read as 'variable X has

type Type'.

4) lambda [X]. A{X)

Lambda abstraction. A(X) means that formula A has X as a fres
variable.

5y if A then B else C

6) left/right
Flags to be used a5 the realizer code of “-rule, Note that
intuitionistic interpretation eof AN/B is the proof of A or the
proaof of B. Following this interpretation, realizability of
this formula is the conjunction of the information that shows
which of the formulae in & and B actually holds and iz preof.

Ty void



Contradiction. Note that negation of a formula, A, is defined
as A == A =) void.

By ma [ZZ}. A(ZI)
‘mu’ ig the fixed point operator.
8) af(bl){ba)...{bn)

Function application. Associate to left.

10y X mod ¥
Residue of fraction of X by ¥. This can be defined in QI as
follows, but is treated as a built-in function in thisz paper.

mod == omy [Z],
lambda [X). lambda [Y].
if ¥ = 0 then woid
else if X ¢ Y then X
else Z(X-Y){Y)

11) TERM1, TERM2
This has the same meaning as the conjunction of literals in
PROLOG. Tf TERMI and TERMZ are of types Typel and Typed, then
the above terms are seen to be of Cartesian product type:
Typel X Type2.

12) TERMl = TERM2
Equality of terms.

13} Logical constants:
oW =3, T, all, exise

14y Proof tree:
Proof trees are writter in the ordinal natural deduction style.
Subtrees are often abbreviated as 'PI' or, when the free wvariable
or individuals in the subtree should be stressed, as 'FI(X}'.

2.2 Inference Rules

The imference rules used are listed here. They are a subset of the
inference rules of OJ. The natural npumber induction rule, 'nat-ind’,
ie introduced as an instance of the recursive type induction schema
af QJ.

Rules on formulae:

A B AN ] LA
Eal VA SEEE St (/\E} -~ (AE
AA\EB A B
[&] 2]

) B FR- [ c
—————— (W1} == (N T AV )
AMAE AhWB C

[&]

B R A= B
e el - —————mmm——ee [ - }E}
A => B R

[X:Type]

AlX) t: Type all X:Type. A(X)

=-— - — (all-I} e ittt - B o -3
all X:Type. A(X) hi{t)



[x, hi{x}]

t:Type At exist X:Type.R(X) c
———————— e (@ X1 BE-T ) e = B o 25
exist X:Type. A{X) c

IX:nat, A{X}]
B{O} Alsuce(X]))
- ={nat=ind}
all X:nat. A{X}

o i

A & void
—————yaid-1y memeem———— (veid-E)
veid A
t = 5 (in Type) A(L) £ Type t = 5 {in Type)
- f=1) - {=1 Ittt £
his) t =% (in Type] & = £t (in Type)

pP=4q (in Type) g = r (in Type)

——— e S S G T O N I ----{ - 1.'

F =~ ({in Type)

Rules of term reduction:

A if & then B else C "1 if » then B else ©
e ———————m— e [ ] fmm ]} == [ | f = 2 )

if A then B else C = H if A& then B else C = E
o

L~
muy [Z]. R{Z)

e [T

me [Z]. A(Z) = A(mu [Z]. R{ZN)

0J alse has rules of the number theory, formation of terms, and type
inferences. Howewver, these rules are not necessary as far as program
extraction iz oconcerned. For this reason, they are not listed here,
and in the following description, the names of these rules are
abbreviated to '*'.

2.3 Program Extractisn Algorithm

The program extraction algorithm of the OPC =vstem is given here. This
slogcrithe performs g-realizambility interpretation of QJ [Sato 83].

13 Kotations for algerithe descriptiom

EXt | ==—————— (Rule))

The top level procedure (functicn) of program extraction. It

iz otten abbreviated as Ex+(HY, When a conclusion, B, depends
on a list of formulae, Gamma, this procedure is dencted by
Ext({a]|-B).

Rvi{A}



The realiring variable seguence. Realizing variables are the
special wvariables to which realizer codes for the formuls are

agsigned, Realizer codes are the programs that realize the

computational meaning of given formulae. They can be seen as

the programs that satisfy given specifications.

Substitution. If A is an expression, the application cf @ to A

is denoted by AE.

pl

p0 and pl are projecticn functions on Cartesian product type

TYPE-1 X TYPE-2. This type is extended as

TYPE-1 X TYPE-2 X ... X TY¥PE-HN, and pl is the extended projectien

funetion.

2) Definition of Ext procedure

A E
Ext{-———-—- (/I)) == EXt(A), Ext(B)
ASE
BB
Ext(|——=———m {(/NE}} == pO{A/E)
&
ASE
EXt(====== {/\E)) == pl{A/\B)
B
S
EXt{—======{%/1]) == left, Ext(a)
EAWS
-]
Ext{—=————— (“%I}) == right, Ext(E)}
INSB
[&] [B]
ENSB c c
Y S ———— {"/E))} == if left = pUO[{EXt({A\/E)}
C then Ext(a|-C)E

else Ext(B|-C)E

where @ iz the substitution:
@ == [_RVthJ = PLIEXE{AN/B}}) ),
Rv(B] <= p2{{EXt{AB}1} ]

.

]
E
Ext{——————— (—*I} == EXL{B) ;Af Rv(a) = nil
E ~-* B lambda [Rvi{k)].Ext{i|=-B} ;otherwise
& A - B
Ext (=== {=*E}) == Ext{h-rB}{Extih)}
B
[X:Type]
AX)

Ext(——————=—====—===(all-I)) == lambda [X]. Ext{A(X)}}
all X:Type. hA{X)

Tt Type all X:Type. A(X)

Ext [ ==—=—m=w=—— — ={all-E}} == Ext{all X:Type., AR{X))(T}
AL}




L:Type F AR
Exit( - {exist=-I)) == £, Ext{i({t))
exist X:Type., A(X)

[%:Type, A(x)]
exist X:Type. A{X) c
Ext( —— e ———{axi=t=E) }
<
== Ext{x: Type, h{x) |- C)@

where @ = [¥ (= pO(Ext(exist X:Type. A{X)}),
Bv(A{=x)) <= pl{Ext{exist X:Type. A{X}} }

[X:pnat, A{X)]
AfD} Afsucc(X)}
Ext( e {nat-1ipd})
all X:nat., RK(X)
== mu [ZE). lambda [X]., if X = 0 then Ext{A{0)}
else Ext({X:nat, A(X) |= BA{suce(X)))@

where @ = [Rv(X:nat, A(X)) <- ZZ(pred(X))

rY B
Ext {m====== {void-1}) == (nmil)
vold
veid
EXt [ === ————— {veid-E)}) == (mil)
A

t = s (in Type) A(t)
Ext {=———m (=)} == Ext{A{t}}
Rig)

t:TYpe
Ext{==-——————————————(=]} == (nil}
t =t (in Type}

t = s {in Type)
Ext(-——————————====={m}] == (nil]}

£ = t {in Type}

P =4 {in Tyvpe) g = r (im Type)
3 {=)3 == {nilj
P =T (in Type}

A
Ext{———-——{"}) == {(nil}
B

3y Kote on [(mil)

The atom 'nil’ in Frapz Lisp is used in the PX system [Hayashi B7)
instead of "{nil)' in our formulation. The chief difference bebween
'mil' and '{nil)" is that 'mil' iz an object while '(nil}' denotes
cmpty oodes, '{nil)' in treated &5 follows in the actual
implementation of the QPC system,

If codes containing ‘{nil)' are extracted during proof compilaticn,
the '{nil)' eodes are eliminated through trapslation as follows:



{nily*, '(mily* =-2> "{mnily’
..., Code_k, '(nil)', Code_k+l, .... —-2» ..., Code k., Code_(k+1}
{lambds [X], '{mily'y =—=3*> “[(mnil}"’
{lambda [X]. Codej('(mil)') ==} (lambda [X]. Tode)
"{nily"{Codey; ——»» ‘(mil}’
if A +hen B then '(nil}' --3> B
if A then "[nily" them C --33} C

3. Proof of Course of Value Inductiom in QJ

e T e e

Ae is well known, the course of value induction schema
£ll X:nat. {all Y:mat. (¥Y<X - P{Y)} =% P{X}) -» all Z:nat. F(Z)

can be proved by mathematical induction. The following is the its proof
in QJ.

TREE=-1 TREEE-2
—_ ——= {nat-ind}
{Z:nat] all Xonat,(all Yenat, (Y<X =» BP(Y)))
———— e e e == {81 R
all Y:nat, (Y42 -» P(Y}} GamER1
------------------------------------------ {=*E}
LA
——————————————— {all-I)
all L:nat. P{Z}
- e (=3 T

all X:nat. (all Y:nat. (¥<X -) P(Y}} -» B(¥X))
=3 all 2:pat. P(2})

Gammal :
[Z:nat} fall X:nat. {all ¥Y:mat. [(¥<X =>» P{Yy} => P{X13]
- -- (all-E}
all Y:nat, (¥<Z -> P{Y}) -} P{Z)
TREE-1:
[¥:mat]
(™
[yeo] Tryan;
[—*E}
woid
—————— {void=E)
FiY)
—————————— =31}
YEO =2 P(Y)
—— ———(all-T}
all Y:mat. [(¥<0 =¥ B{¥))
TREE_2:
[Yrnat] [HYP] e Gammaz
—————————————— L T (=2k)
[¥eX] TLE -3 B(Y) 1 Y=X] P{X)
i Tt F=—t
TREE-2-1 Fivy IS S ]
———————————————————————————————————————————————————— (% ~E)
B{Y)
USRS —— .

Ydouce (X)) =+ P{Y)

all Y:mat. (Yisucc{X) —-¥ P{Y})



HYP == all Y:nat,{¥<X - PLY))
Gamma 2 :

[X:nat] [mall X:nat_ (all Y:nat.

(Y<X => P{Y)) -3 F(X))]

e £ 28 B 3

all Y:nat, ([Y<X =) B{¥}} =) P(X]

TREE-2-1:
=={*®}
0
==={=}
O=10 [o<1])
—————— (/I (¥=141])
L (*
Aol Yol [t:nat]
------ L 2 e |
O=0 wvoid
== (ST ————————(void-E}
0«0 T+140
W 0= YW, Y+l=0
—————— [=3T) ===————— (=31} TREE-2-2 TREE-2-13 TREE=2=4
01 =3 ¥+141 =3 —- —— (“/E}
040 T+140 TLX+1L NS T=X+1
S =0 WOY+l=0 - =={=*I}
o — {nat=ind} YO+ =3 ¥FCA+1 8/ Y=E+1
all Y:nat. (ail-I)
{¥<1 =2 all Y:nat.
YOO W Y=0) (YEX+Z =3 YEX+1 %/ YaX#1)
- S (nat-ind)
{¥:nat] all ¥:nat. all Y:nat. (¥ ¢ X+1 =3 ¥<X %/ ¥=X)
e e {all-E)
[Y:nat) all Y:pat. (¥ ¢ X+1 -3 ¥<X %W ¥=x)
---------------------------------------- (all-E)
[Y<X+1] ¥ o4 X+l - ¥YLX NS ¥=X
——————————————————— ————————— e ———————{ =} E]
LR NS Y=X
TREEE-2-2:
[¥=0] [RrQ]
------ e B il e Bt el
K+1l=]1 1*0 E+1l»1 1»0
il e e (D]
0 [E=0%/E307  E+1:0 E+1x0
=== e ———————————————— {"\/'E}
Q=10 E+1:0
"""""" R O e L W
0=0%,/03%0 E+1=0%/E+130
———— e e  BRAT -1 DA )
all F:nat. FE=O0"/E>0 [¥:nat]
e L . . . e e e e e ] ] =

¥=ON /Y50

TREE-2-3.



——- W
Y 4 X+l %W Y = X+l

TREE-2—4:

[¥>0]

----- b

¥-1:nat [HYP"]

——————— w—————(all-F) [¥=1¢X] [Y-1=X]
1Y<x+2] ¥—-1<X+1 =% —————— W] mm——— [*3
——————— (") ¥Y-1¢X YEH+L YLK+l
¥-14X+1 W T-1=X mmmmmme (\JT) —mmmm = (NI
e hat £ 7] | Y{X+1 Tex+1
T-L4X NS ¥-1 =X bW Y=X+1 YWY YmX41l
—————————————— --- - mmm———m== (WE)

¥ OO OX+1 N Y = X+]

where HYP® = all Y:mat, (Y4X+1 =3 Y{X W/ ¥=X)

Here is the course of value induction schesi simulsted by mathematical
induction.

Proof of course of value induction

Course of value proof by mathematicel induction given above
———————————————————————————————————— [=*E]

all Z:nmat. P{2}

Course of value proci:

[X:nat] [all ¥:nat. (Y<X - P{¥})]

FI
FlX)
_______ {—*I)
all ¥Y:nat. (¥<X =3 P(Y)) = P(X)
— - {all-1I)

all X:nat., all Yimat., (¥4X ->» P(Y)) - F{X)

4. Simple Example: GCD Program

T I

The GCD program is taken as & simple example which uses the course of
value induction schema.

4.1 GCD Proof

The specification of GCD i= defined as follows:
all M:nmat. all M:pat. exist D:nat. {B|NS0( M3

The specification and proof that the constructed natural number is
#ctually a maximal one which satisfiez the specificzation is omitted here
for simplicity, but the natural number which satisfies this conditien

is constructed in the proof given later. The proef is called asz 'Prooct
of GCD progream' or just 'GUD procf’ in the following descriptiaon.

Let F(X) == all M:nat. exist D:nat. D/X"D|M and
H|M == axist L:nat. M = L%y {where N:nat, M:nat), and perform



the course of value procf, then the GCD procf can be contained,

The course of value proof of the GCD Proof is as follows:

TREE_1 TREE_2 TREE_j
______________________________________ I\J—E]
PN}
______________________________________ (=T
all L:mat, (L € N -» PF{L}} =% P{N}
------------------------------------------------ (all-1}

all H:nat., {&ll Lonat, (L ¢ N -3 P{L}} —% P{N}}

TREE_1: Froof of N=0 / N0 (the same proof as TREE-2-2 in 3.)

TREE=2: Proaf of H=0 |= P{H)} (== all M:nat., exist D:nat. D/XNAD|M)

-~ T7=== (™l
U:inat [B:nat] l:nat [Q:nat]
====(*} - (*} i et Sy ()
C:nat O=Qsp l:nat q=1+0
e r e (g 8E=T ) e —————— {exist-T)
exigst D' :nat. O=0'"=P exist D" :nat.(Q=D"*
-— {all-T) ———— e —— [ 81 1~T
[#:nat] all P:nat. P[0 [M:nat] all Qinat.Q|0Q
- ~==(all-E} ——===={al1-F)
®|o M|
——— (I
[M:mat] Mo MM
—m—m——— - (exist=I)

exist D:nat, D|oDIM

Bt --{all-T}

[N=01 all M:nat, exist D:mat, B|0AD|M
------------------------------------------ (=E}
all M:mat. exist D:nat. D|HSAD|M
TREE-3: Freef of N0 |- P{N)
[H>0] [M:inat]
———————————— {l},
(¥ mod N} :nat HYF
——————————————————————— (all-E)
(¥ mod HytH =¥
[H*0] [M:pnat] all M:nat. exist D:nat.
—————————— [y Dl (M med H) [d4111,M8[m)
(M mod NN DM s
------------------------ {=>E) d|H TREE-3-s5ub
all M:nat. exist D:rnat. — (/=1
[H:nat] o110 [d:nat] alnssalm
e ——————— e {0 ] 1 =E ) —————————— = (i s E =T )
exist D:ipat. D|1LAD|M exist D:mat. D|NADIM

—————————————————————————————————————————————————————————— {exist—E)

all M:pat. exist Dinat. D/HAD|M

where 11 == (M mod N)
HYP == all L:nat. [L¢K -» all M:nat. exist D:nat. D|L/AD|[M)



TREE-3-sub: Proof of d, d|11Ad|N, M:nat, N:nat, ll:nat |- d|M

14| 11md | H]
—————————— {/ME}
[r:nat] 4d|H [al11d| )
[11:nat) ——————————— (%} = —mmme—e———= [/E)
[M:nat} d|M*r d|11
[N:nat] e ———————= )
i [M=M*r+11] d (Nrr+ll}
exist H:nat. e e
M=H=R+11 d|w

———————————————————— {exist-E)

The GOD Proof written in PDL-QJ is given in Appendix 1. PDL-QJ is the
proof description language of our theorem prover based programming
gysten, CAP-0J [Takayamé BY].

4.2 Proof Compilation of GCD Proof

L —— R R

{1} The extracted code from the proeof of the course of induction by
mathematical induction is as follows:

f == lambhda [W0, W1, W2]. lambhds [£]. (W0, W1, W2)3{Z)(AR(Z)}
where
F I [55(’;351; 552].
lambda [X]., lambda[Y].
if left = AAR{X}(Y) then (220, ZE1, ZEZ3){pred({X))(Y)
else (WO, W1, W2)(X)((Z®0, 221, ZZZ)(pred(X)))

where
Ah == mu [20]. lambda [X]. lambds [¥].
if %=0 then right
else if left = {lambda [FP].
if P=0 then left else righti{Y) then left
else if left = Z0(pred{X)){pred{¥)} then left
else right

The code "left = AR{X}{(¥}' is the conditional equation which is
logically eguivalent to "¥Y{X'. HNote that the right side of this
eguation is extracted from TREE-2-1 in Secticon 3 that proves
H:nat, Y:nat, ¥Y(x=1 |- wdx 2/ ¥=3x.

The variable seguence, W0, Wl, W2, denctes the realizing variables of
all X:rnat. (all Y:pat. (¥<% -3 P(¥)) -» P({X)). The proof of this part
must be given in course of value inducticn proofs, and the proof
contains the computaticnal meaning of how to construct the
justification of P{X) by uszing the justifications of F(Y)

{for all ¥ s.£. ¥ € X', The computational meaning, i.e., realizer
code, 18 to be assigned to WO, W1, Wi,

The reason why the length of the wvariabhle seguence is 3 is that
FiX) is now defined mas all M:nat. exist D:nat., D|X/\0|M. Hence, by
intuitionietic ipterpretation of logical constants and guantifiers,
the computational meaning of this formula ie a pair of the following:
1. & patural number, &, that satisfies d[X and diM
Z. Computaticnal meaning of ¢|X and dlM
For 2., as X|Y can be defined as exist Prnat. ¥ = P*X, the
computationsl meaning is the pair of the natural pumbers, p and g, that
satisfies X = p=d and M = g*d. Conseguently, a triplet d. p and g, is
the realizer code of all Y:nat. ¥Y¢X - P{¥) |- P{X}. (More precisely,



it is
lambda [M] d(M}, lambda [M]. piM), lambda [M] g(M]
because d, p and g depends on M)

The variable sequence, ZZ0, 231, LI, denctes the realizing wariables of
all Y:nat. {Y<X -> P{¥)), the bypothesis of course of wvalue inducticn,
The reason why the length of this seguenpce is 3 is similar to that given
for WO, W1, W2.

{2} As the preof strategy used in Section 3 does not depand on the
definition of P{X), a skeleton of the sbove realizer code can be used
as the program schema. The skeleton is as follows. Only the wariable
sequence W1, W2, W3 is changed to a variable {for seguence WW:

Ekeleton == lambda [WW]. lambda [Z). WW{E}(A({Z))
A o== mu [2Z]. lambda [X]. lambda[Y].
if left = AA(X}(Y) then ZZ{pred(X))(Y¥) else WW(X}(ZZ(pred{X)})
AR == mu [20]. Lambda [X]. lambda [Y].
if X=0 then right
else 1f left = {(lambda [P].
if P=0 then left else right)(¥) then left
else if left = ZO(pred{X})(pred{¥)) then left else right

whare WW 1e the realizing variable seqguence of the course of wvalue
procfs, and 2% 1is the reslizing variable seguence of the hypothesis of
the course of value induction, HNote that the length of realizing
variable sequences can be mechanically calculated by analy:ing the
structure of formulae.

This schema can be used as follows:
1. The course of wvalue induction schema is introduced in the programming
system acs an induced rule. 2. The course of walue proof ig written: all Y.
(YK =) B(Y¥)}) |= P(X} 3. The OPC system extracts the reslizer code
from the prosf in 2. 4. The szkeleton is instantiated with W
instantiated te the code obtained
im 3. 5. The code cbtained in 4 i= the realizer code of
all X, (all ¥. (Y<X =>» P{Y¥)) =% P(X)) -» all E. P{Z).

{3} The extracted code from the course of value proof part 1s as
follows .

g == lamhda [K]. lambda [ZZ0, ZIZ1, Z2Z2].
if laft = (lambda [F]. if P=0 then left else zight)(N)
then lambda [M]. M, (lambda [0Q].03(#), (lambda [R].1l)(M)
elze lambda [M]. (220, ZZ1, ZZ2)(M mod H}(H)

ks the courze of value procf and the procf of course af value
induction by mathematical inducticn are used in (-*E) inference to
infer the econclusion, the extracted GCD program is an appliecation of £
tooqg:

ged == [{g)

5. Performance Evaluation of the GIL Program

————— 5 S s, - EESCTme

N — S P

The code extracted in Sectien 4 i=f the program that takes two natural
numbers as inputs and returns the triplet of three natural numbers.
The firet element ot the pair is the ged of the inputs, and the other



two elements are the verification information that can be seen as the
decoded proof to show that the {irst element of the palir is actually
the gecd.

ln practical situations, verificetion infermation is not necessary. so
that the code is used in the following form by projection.

f == lambda [W]. lambda [Z2]. W(Z)(A{Z})
where
A= mu [EZ].
lambda [Xj. lambda(Y].
if left < AAR{X}(Y) then ZE(pred{X}i{Y}
else WX} (22 (pred(X)))
Ak == mu [Z0]. lambda [X]}. lambda [¥1.
if X=0 then right
else if left = {lambda [F].
if p=0 then left else right)(Y¥) then left
else if left = ZO(pred(X)){pred{¥)) then lef:
else right

g == lamhda [K]. lambdas [ZZ].
if left = (lambda [P]. if P=0 then left else right)(N}
then lambda [M]. H.
else lambda [M]. ZZ(M mod K)(H)

god == f£{g)

The vperational semantice of the codes generated from the QPC is defined
in the reduction model. The following reductions are used here:

kA ==} E: Dbeta-reductiop of a lambda expression
h ==3% B: the if-then-else reduction as formulated inp (if-=1)
and [(if-=2% rules.
A * B: beta-reduction of lambhds expression with the fixed point operator.
"% reduction is counted as a combination of two reductions:
{mu [E2]. lambda [X]. A{X, Z3)(t)
iz reduced to
{lambda [X]}. A(X, mu [Z2]. lambda [X). A(X, Z233)(t)
by (mu-=3% rule. Then, ordinal beta redurction is performed.
==» AR{t, mu [Z]. lambda [X]. A{X, Z1).

The performance of programs are evaluated by regarding that the
reductions ~-» and ==} reguire one upit of time, and the reduction ~ 2
reguires two unit of tipes, The time reguired to execute number
theoretic functions is regarded as much more smaller than thet of
reduction, so that it is not counted.

The reductioen strategies used here are listed below, They are
basieally call-by-value evalusation and the seguential version of
operational semantics given in 0J. The subset of expressions of OJ

which is executable is called Quty, and the operaticnal semantics of
parallel exesutieon iz given in [Sate 87).

{1} if & then B else C
1} BEvaluate A,
2y If K suceceed, then evaluate B.
3y If A faills, then evaluate C.
4} Otherwise, suspend.
2y (mu [Z]. R}(E)
1y If B is a wariable, then suspend.
2y Otherwise, perform "y redustion.
{3} (lambda [X]. A} {8}
1} Evaluate & to get A",
2} Ewvaluate B to get RY,

13 —



3) If (lambda [X]. &) is cbtained by = reduction and
B' is a wvariable, then suspend.
Example:
Let F == mu [Z]. lambda [X]. lambda [Y]. £(X., Y, Zj.
Fi2)] is reduced to lambda [¥]., £(2, ¥, 2}, but
the evaluation of (lambda [¥]. £{2, ¥, Z)}{W) suspends
if W ig a variable.
4) Otherwise, evaluate A'[B'/X).
{3) A(B)
1} Evaluate A to get lambda [X]. A'.
2y Evaluate (lambda [X]. A'}(E).
{4) A = B
1} Evaluate A to get A",
2y Evaluate B to get B".
3y If &' is a variable, then suspend.
4y If B' is a wariable, then suspend.
5) Otherwise, if A" ig ldentical to E' then succeed
else fail.
{3) Evaluation of terms proceeds from left to right.

For the execution of ged(2)(3), the following is observed:

1} Cede A' simulates the divide and conguer strategy:
The key idea of the proof of the gcd program given in 4.1 is to
reduce the problem in the following way:
problem to solve ged{2){3)
=3
problem to solve god(3d mod 2)(2) = ged(l)({2)
-33
problem to solve god{2 mod 1)({1) = ged(0)({1)
Code R' defines the operation to reduce & problem. It takes
several reduction steps to perform one problem reduction =33,

2) The execution of code AA' takes a large part of the whole execution:
As explained in 4. 2, AR' is the code to check Y4X when YdX+1,
X:mat, apd Y:nat that cen be performed much more efficiently in most
programming lapguages by calling a few machine instructions of the
computer. However, the aloorithm that is realized in AR' iz as focllows:
a) If X is 0 then fail, otherwise go to b),
by If ¥ is 0 then succeed, otherwise go to o),
o) Subtract X and ¥ by 1, and go to al,
This is essentially an inefficient algorithm,

3) Conseguently, the number of reductions needed toe perferm the calculation
of god is quite large (for ged(2)(3), more than 60 reductions).

2.2 Comparison with Divide and Conguer Type Program

b god program may be written using the divide end conguer strategy as follows:

== my [Z]. lambda [K].
1f KW= 0 then lambhda M. M
else Iamhda [M], Z(M mod N ()

Fh

A similar program can be abhtained from the code extracted im 4. 2:

g == lambda [N]. lambda [Z21]
if left = {lawbda {(F]. if FP=0 then left else right)(H)
then lambda [M]. M,
else lambda [M]. EE(M mod K} (M)

(%]

by taking a fixed point, L, with regard to 2
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h == ma [22]. lambda [H].
if left = {lambda [F]. if P=0 then left else right) (K}
then lambds [M], M,
else lambda [M]. ZZ(M mod N} (N]

Thiz program reduces & problem directly without performing any
operation. In other words, problem reduction =3 is performed without
any help from A" and A&", so that the execution of h{2)(3} needs only 12
reductions.

6. Optimization Technigue

In the FX system [Hayashi 7], the optimization of extracted codes
proceeds as foellows: 1f the code of the form (lambda [X]. A)J(B) is
extracted in the process of procf compilation. then perform
beta-reduction of the code immediately. The optimization technigue of
procf compilation can be presented in slightly more systematically.

6.1 Proof Normalization and Partial Evaluation of Programs

£. Goto uses proof normalization to analyze the behavier of logic
programs [Goto 85). Another application of proof normalizaticon is
eptimization by partial evaluation because normalization of proofs
corresponds to partial evaluation of extracted codes from the proofls
through realizability interpretation. The following is the
nermalization rule listed in [Prawitz 65].

{1} all-normalization

Fi{a)
Fla)
{all-I)
all x, B{X) - PI{E)
————————————[all—E]} F(t)
Bit)

(2) exist~normalization

Pl
Flt) {Fra)l
———————————— [exist=I) PI'{a) Pl
exist ¥. B{X) c ==}  [P{t)]
{exist-E) PI" (%}
[ c

[(3) =% normalization {Cut elimirnation)

k]

PT" PT

B [~}
PI ——————— =31} BT’
S A= B ==}  ===—e=

{—*E) B
B

{(4) /% nermalization



BSNE - FI
------ (AE) A
A
PI PT’
A B
------------ (/NI
ABE - FL"
—————— (/\E) B
B

FI
A [&] (§:3] Fl
—————— (%A1 PI’ PI” [&]
PN c c -3 PI*
"""" {WE} c
C
FI
B [&] [E] BT
————— /1) PI’ FI" B}
ANSB c c ==} FI"
- ——== (%W/E) c
-

Rules (2) and (4) are not effective for the optimization in proof
cempilation because, as can be seen by the definition of the Ext
procedure for the (exist-E) end (/\E) rules given in 2. 3, the
realizer codes of proofs before and after the nearmsalization are egual .
Rules (1)} and (3) correspond te beta-reduction of lambda eXpressions.
Rule (5} corzesponds to if-then-else reduction of realizer codes,

Hote that in terms of proof compilation, the following diagram
commutEs .

Froof 1 2~ ===—- (normalization)——====== *» Proof 2
I I
| |

(procf compilation) {proof compilatien)

I
I I

v Av

Realizer Code 1 =-——— (partial eval.}——» Realizer Code 2

{reducticon)

Following this diagram, optimization facilities can be realized in eithar
of two ways:

1y By implementing a proof nermalizer
Proofs are normalized first, and then compiled.

24} By implementing a partial evaluator bLuilt in the proof compiler
Froofs are compiled f£irst, then extrancted codes are
partially evaluated.

From the aesthetic point of view, both proofs and codes should be
transformed simultanecusly to maintain the cleax correspondence
between proofz and programs= in terms of realizability,

The order of applying the normalization rules can be arbitrary, If the

normalization rules arc applied from the leaves of proci treess, this
corresponds to call-by-value evaluatiorn of the prograns extracted frem
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the proof trees. If they are applied from the bottom of proof trees, it
means call-by-pame evaluation. The operational semantics given in 5,

1 defines call-by-value evaluation. However, this iz dust for
efficiency of runtime evaluation.

£.2 Example of Proof Normalization

B ittt LT L T T PR A A S —

For the GCD proof given in 4., first, the all-normalization rule can
be appliesd to the preoof of M|0 and M|M in TREE_2, as follows, This
kind of proof normalization can be used wvery cften, especially when
the well known theorem such as 'all p:nat. P|ﬂ' and 'all O;:nat. ﬂ|ﬂ'

iz refereed from the data bases that store thecrems that have already
been proved.

—.-._—.—-..(i'}
O:nat [P:nat]
——==(*} T — s (™)
U:pat D= "}
. e - e [exist=I) O:mat [M:nat]
exist D'inat, O=D'sp e T e ("
e TS TS 3 0:nat o=0*H
[M:nat] all P:nat, P|O L I T {exist-T)
S— [all-E} mlo
Mo
Hote: M|0 == exiet D:nat.
0 = D*M
————— :H:l
linat [Qrnat]
[ (*)
1:nat O=1=0 ———
e = (pXist=T) l:pat [Q:nat]
exist D":mat.Q=p"*q¢ o (*) =m——————— (%)
—————————— e (211~ T} l:nat M1 p
[M:nat] all Q:nat.0Q|Q === e ———(@xist-1)
—-——— (all=E) M|m
MM

By this normalization, the GCD program is translated as follows.
The underlined part [-——-=) of g' is changed.

f == lambda [WO, W1, W2]. lambda [2]. (W0, W1, W2)(Z)(A(Z)]
where
A = mu [ZEQ,ZZ1, 222).
lambda [X]. lambdal[Y].
if left = AR(X)(Y) then {220, Zzl, ZZ2){pred(X))(¥)
elsa (WD, W1, W2)(X)({ZZ0, 221, ZZ2)(pred(x}))
ARo== mu [20]. lambda [X]. lambda [¥].
if X=0 then right
else if left = [lambda [F).
if P=0 then left else right)({¥) then laft
else if left = Z0(pred(X))(pred{¥)) then laft
elose right

g' == lambda [N]. lambda [IZ0, 2Zl, zz22].

if left = (lambda [P]. i{f P=0 then left wlse right){H}
then {lambda [M]. M, 0, 1%

¢lse lambda [M]. (220, Z21, ZZ2)({M mod NI(M)

god == fig')



A Lhe (=?E) rule is used in the course of value induction schema
given at the end of section 3., the -} pormalization rule can be

applied:
Froof of course of value Schema
by mathematical induction:
Course of value proof: [#ll X, {(all Y.(¥<X}-2P{¥)) =-> F{X)]
PI*

FI all 2. P(Z)
e T e i T 3 4
all X. {(all ¥. (¥<Xp=2R{Y¥Y)) - B{X) all X. (all ¥, (Y<X)—2P(Y¥}) =» P(X)
== all Z. P{X) == all Z. P{Z}

e e e e b e (=3 T )

==}

all =. B{Z)

PI
T T T T T e e e e m e — e (a1 1T}
all X. f(all ¥, (¥Y<X=3P({¥}) -3 P(X}
—-» all Z. P(X)
PI*
all Z. P(2)

By this transformation, beta reduction of f{g'y is performed, and
the ged code is as follows:

ggd -

lambda [Z].
{ lambda [W]. lambda [2Z0, Z21, E2Z2].
if left = (lambda [F]. if P=0 then left else right) (M)
then (lambda [M]. M, 0, 1)
else (lambda [M]. (220, 221, ZZ2)){M med WI{N)
JCEY(RA'(Z))

where
E' = mu [220,221, ZI2]).
lambda [X]. lambda[x].
if left = AR{X){Y} then (ZZ0, 2T1, ZIZ2)(pred(X})(Y)
else (lambda [K]. lambda (220, 221, 222].
if left = (lambda [P]. if P=0 then left else right)(N)
then (lambda [M]. M, 0, 1)
else {lambda [M]. {ZZ0, Z21, 22230 mode My{Myy
JIX)O{250, 221, zE2)(predi{X)})
AR == mu [Z0]. lambda [X]. lambda [¥].
if X=0 then right
else if left = (lambda [F].
if P=0 then left else right)(Y) then left
else if left = ZO0(pred(X))(pred(¥}) then left
else right

The all-normalization rule can also be applied in Gammal and Gamma?
in Section 3 combined with the course of value proof given in Section
4; the code iz as follews:

god ==

lambda [=].
(lambda [ZRG, 281, ZZ2].
if lefrt = (lambda [P]. if P~0 then left else right3i{Z;
ther (lambda [M]. M, 0, 1)
else (lambda [M]. (EZ0, 221, 2Z2)(M mod ZY(2})
EER N

where



A' = mu [ZL0,221, ZE2].
lambda [X]. lambda[¥].
if left = AA(X)(Y) then (220, ZZ23, Z22yipred(X})(Y}
else (lambda [Z20, 281, Zo2].
if left = {lambda [P]. if P=0 then left else right)(x)
then flﬂ-ﬂhﬂl [H]. M, Dr 1)
else (lambda [M). (Z20, ££1, ZZ2)(M mode X) (X))
Y(ZED, ZZ1, ZZ2){pred(X)))
AR == mu [Z0]. lambda [%]. lambda [¥].
if X=0 then right
else if left = {lambda [F].
if P=0 then left else right)(Y) then left
elee if left = ZO(pred(X)){pred(¥Y)} then left
else right

Mo other normalization rules car be applied any more. The nunber of reduction
needed to calculate god of 2 and 3 with this code is 59. The code is slightly
more efficient than that given in Section 4. 2.

£.1 Optimized %/ Code

For left = (lambda [F]. if P=0 then left else right){N)] in code

ARk, it corresponds to the proof of H-0%/N)0. However, none of the
normalization rules in 6. 1 can be applied, altheough this code can be
partially evaluated to left = (if W=0 then left else right). As is
knowr from the example given in 5.1, most of the execution of the god
program i= that of AA: the code extracted from the proof of

Y4x+1 |= ¥<X W/ ¥=X, and is logically egquivalent to ¥<X, as explained
in section 4. 2.

On the other hand, as given im 4., N=0"/N>0 (K:nat) and ¥Y<X+1 |- vex/v=x
are proved by mathematical induction. However, in practical situatisns, it
is not efficient if we must always prove well kpown properties of

natural pumber of this kind strietly by using induction. For this reason,
the following modification is introduced in proof compileticn:

[A] [B]
LAWY c C
Ext (=== {“WE))} == if A then Ext{i|-C) else Ext(B|-C)
c

when A and B are eguationz ar
inequations of patural numbers

In this case, the proocf of AVE can be omitted by declaring this formula
as an axiom.

By this optimization, the god code obtained in €, 2 ig changed as followe:

god == lambda [2].
(lambda [ZZ0, 221, 232).
if E=0
then (lambda [M]. M, 6, 13
eise (lambda [M]. (220, 221, 222)(M mad Z}(Z))
JIRTIED)

where
A' = my [ZEZ0,221, 222},
lambda [X]. lambdalY].
if ¥ ¢ X then (ZZ0, 221, LI (pred{X)){Y)
else (lambda [ZZ0, ZZ1, RZZ).
if X=0
then (lambda [M]. ™, 4, 13
else (lambda [M). (ZZ0, 221, ZZ2)(M mede X)(X1)
L{ZE0, ZZ1, ZZ2)(pred(X}}}



The pumber of reductions needed to calculate god of 2 and 3 with this
code is 24. The code is much more efficient.

7. Implementation of the QPC System

An experimental implementation of the OPC is running on the DEC-2060
system. It is the core part of the program esxtractor with a simple
procf checker system., This program is about B00 lines in DEC-10
Prolog.

Proof trees are written in the following data structure:

pt( Upperpart-FProof, Coneclusion, Inferance-Rule, Discharged-Formulae)

[Discharged-Formulae] A
1
[}
PI = Upperpart-Proof
!
memmssss s —eme=—{Inference-Rule)
Conclusion

This data structure is the intermediste code of the CAP-0J system:
procfs written in & proof description language for end users, PDL-0QJ,
are translated to this data structure. A proof of the GCD
specification and extraction of the GCD Program are given in Appendix
2 and 3.

The cbject code of QPC ir as follows. A tiny ML [Gorden 797

interpreter is implemented on the DEC-2060 system. All the extracted
programs presented in this paper are translated manually to ML programs
in & straightforward way and checked. The OPC code to ML code
translator program will also be implemented in the near future,

IF-THEN-ELEE(Codel, Code2, Codel)} --- if-then-else tarm
APP(Codel, CodeZ} --- application of Codel te Code?

FU¥ [Veriable], Code -—-- lamhda expression

MU [Variable]). Code ——— fixed point operator

[Code-1, ... Code-n] --- conjunction of Code-1, ... and Code-n

&, Conclusicn

- —— -

This paper presents proof compiling technigue based on t¥ped logical
calculus, OF. Its purpogse is to compile formal procis of
specifications of programs into functienal style Erograms.

The eurrent version of the UPC system has mathematical inductiecn
schema, but several sther induction schemas are necessary to write
procis of a wider range of programs. An sdditiensl induction schema is
that of ecurse of value induction., This induction schema allows us to
write the divide and conguer strategy as typically used in the guick
sort algorithm, ard it is a the powerful way of writing efficient
programs. One way to introduce the schema in QPC iz to give a
realizability interpretation directly. However, theoretical
Justifiecetion L5 not as simple as that. Another way is to simulate
course of value induction by mathematieal induction, and to define the
realizer code through that of the mathematical induction rule

However, a= stated explicitly in this paper, the extracted codes from
the course of value inducticn schema introduced in the latter way are
not efficient. This can be easily seen intuitively: the divide and
congquer strategy makes it possible to jump down to any smaller



problems while the strategy corresponding to mathematical inductien
schema goes down te smaller problems step by step. This fact is
illustrated by the GCD program example.

The proof mormelizatien technigue corresponds to partial evaluation of
the realizer code. This cam be used ag an optimization technigue for
the proof compliler system, Several normalization rules are worked on
with simple examples. A slightly modified %/ code, i.e., the program
extracted from the ./ introduection rule, is introduced as another
powerful technigue of optimization,
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Appendix 1:

Description of GCD Proof in PDL-0OJ

all N, M:nat, exist D:nat, (D|N & D|M}

since course-of-value ipduction on W
let MN:mat be arbitrary
induction-hypothesis is

all

all M:nat,

L:inat.

(L N =) all M:N. exist D:nat.
(olL & DMy

exist D:nat. (D[N & DMy

since ﬂi?iﬂt—lnd—Cﬂnqunr
cage H=0
all M:nat. exist D:nat. (D|H & D|m
since
let Minat be arbitrary
M|H cleaxly
M|M clearly
hence exist D:nat. (D|H & D|M)

end_since

else
]

[}

all M:nat. exist D:mat. (B|W & D|M)
Eince

let M:nat be arbitrary

R := M mod N
FE <« N clearly

bence all M:nat. exist D:nat
{D|R & DIM) by inducticn-hypothesis
hence exist Dimat. (D|R & D|K)

let D:nat be such that D|R & D|K

exist
hence
hence

end_since

end since

Q:nat. M = N*(J + B by definition of ¢
oM clearly

exist Dinat, (DIN & D|#)



hppendix 2: Proof of GCD Specification

proof_tree(PROOF_THEE) :-

F 1 = allin,

{all{LL, ({LL<{N) ->» all{M, exist(D,
exist (D0, LL = DOwD) M,
exist (D0, M = DO=D)))))
-» all(M, exist{D, exist{D0, N = DOYD) Mexist (D0, M=DO*D)
Yihde

F 2= {all{LL, ({(LL¢N] =% all(Mm, exist(D,
exist (D0, LL = DOwD) M
exist (DO, M = DOYD)
Fih
=» all(M, exist{D,
exist (D0, N=DO+*D)Mexist{(Dd, M - DO«
IR
F 3 = all{M, exist(D, exist(D0, N=D0*D)Mexist(DO, M = DO0=D)
Y
F 4 = (N = 0} % (H 0},
F_5 = F_3,
F_6 = F_3,
F_7 = all{P, (P=0)N/(P3>0%), B Axiom 1
F_8 = (0 = Nj,
F_% = all{M, exist(D, exist{D0, 0=DO0*DjMexist(DO0, M=DO*D}
LB
F_1l0 = exist{D., exist(D0, N=DO+*D) Mexist{D0, M=DO*D)
b
F_1l = exist{D, exist(D0, 0=DO0*D) “exist{DO, M=DO+D}
B
F_12 = exist(D, exist(DO, 'M mod N' = DO*D)Mexist(D0, N = DO*D}
P
F_1% = exist(D, exist(D0, N = DO¥D) Mexist(D0, M=D0*D)
Al
F_14 = exist (D0, O=DO*M) M exist(D0, M = DO*M),
F_15 = all(M, exist(D, exist(D0, 'M mod N'=DO0*D}Mexist{DD,M=DO0*D})},
F_16 = exist (D0, N=DO*T)Aexist(DO, M=DO=T},
F_17 = exist{D0, O= DO=M}),
F 18 = ewist(D0, M = DOwMy,
F_ 15 = ("M mod N' N,
F 20 = {("Mmod N' ¢ ¥} —» 2ll(M, exist(D,
exist (D0, 'M mod N' =DU=D) "N
exist{D0, M=DOwD)
PR
F_2]1 = exist(D0, N = DO=T),
F_22 = exigt (D0, M = DO*T),
F 23 = 8110, exist(D0, 0 = DO*®Q)
jo % Aywiom 2
F 24 = all(R, exist(D0, E= DO%E)
Ve % Axiom 3
F_25 = (M » 0},
F_26 = (L == M mod N},
F_27 = all{LL, {({(LL{ W)} =%
all(M, exigt(D, exist(D0, LiL=D0=D) Mexist{D0, M=DO*D)
¥11). ¥ HYF
F_28 = eXlst(D0, 'Mmod N° = DO*T)Mexisc(Dd, W = DO=Ty,
F_2% = exist(00, M = (N*Q0) + "M mod '),
F_3o = F_23,
F_31 = F_25,
F_32 = F_28§,
F_3l = {([W*0QQ) + 'M mod N') = Mj,
F_34 = exisc(D0, (N*QQ}+'M mod W' = DO*T),
F_35 = exist(D0, 'M mod KR' - D{¥T;,
F_316 = gxist(D0, N=Q= DOwT),



F_37 = exigt(D0, 'M mod W' - DO*T) Mexist{D0, K = DO*T},
F_38 = wxist(D0, N = Do=Ty ,
F_39 = exigt(D0, 'M mod N's= DO*T) Aexist (DO, N= DOWT),

PROQF_TREE_1 =
pr(l
pPEil
Pl
ptilpt(l), N, 'SassumS', []), PROCF_TREE_OF LEMMA 1],
F_4, 'Sall-E$',(]),
pt{l
Pe{ll. F_8, 'Sassumt',[]},
ptll
pell
Ptill. M, 'Sassum$®,[];,
el
ptil
Prill, M, 'Sassum$", []),
PRCCF_TREE_OF LEMM: 2
1.
F_17, 'Sall-E$', [1;,
peil
PE(i), M, "Sassum$S*, []},
FPROCF_TREFE_OF _LEMMa 3
1
F_18, 'sall-E3', [])
1.
F_14, 'Sand-I5',[]3
EJ
F_11, 'sex-I3', [I)
1.
F_8, '£all-I$', [M])
1.
F_S5, 'S=—ES*, []3,
el
pPe(l
i |
PLi[]l, W, ‘Sassums',[]),
| T
PEi [
Pr(l}, F_25, "Sassum$', [}]3,
Peill: M, 'Sassums',[]},
e[}, F_26, =, [])
1.
F_1%, =, [13,
peil
pe(l
PE(I], F_31, 'Sassums',[])y,
P[], F_32, =, (]},
prill., %, "Sassum&',[]}
¥
Momod ®Y, +, []3,
pe{[], F_27, 'Sassumi', [];
1
F_20, 'sall-ES*',[]}
1.
F_1a3, "S5-*E&', []3
1.
F_12, 'sall-ES', [13,

=11
Ptl:r:r T, ‘$H$EUE$'J[]}.«
pEl(
pril
pEl[], F_z8, ‘Sassums ', []}
1

F_21, "fand-ES',[]},

24



pril

priil, F_298, =, [13.
ptil
pril), F_33, ‘Sassum§’, (]},
pril
il
peil]l, F_37, 'Sassums’,[])}
!J’
F_35, "Sand-E§',[]),
ptil
ptill, 00, 'Sassum§’,[]).
pell
pri(ll, F_3%, "Sassum§’, (1)
}e
F_38, 'Band-5'.[))
1
F_36, *, (1}
]l’
F_34, =, []}
1.
E_30, "§=-E&', 11}
]F
F_22, 'Sex-ES', [0QQ. (M*O0 ) +L] )
.
F_16, 'Sand-I%',[]}
1.
F_13, "$ex-I$', []}
1.
F_l0, 'Sex-ES', [T, F_28])
1.
F_6, "4all-I%', [M]}
1.
F_3, "S\/=E&", [N = O, F_25]}
1.
F_2, '$-318', [F_271)
1
F_1, '$all-I§', [N]},

FF_1 = {all({M, (all{LL, {[{LL ¢ N}
-» all{M, existi(D,

=» all(M, exist (D, exist(DO,

exist (D0, LL=D0=D)
Mexist (D0, M=DO*D)))1}
N=DO=D)

Mexist({D0, M-DO=D))]))

-3 all(X, all(M, exist(D, exist(DO,

Mexist (Db,

E=Db=D)
M=DO*D) 1)

FE_Z_3 = all(X, all(M, exist{D, exist(D0, X=DO0*D}

Avexist(D0O,

M=DO*D}})} ),

FF_3 = all(M, exist(D, exist{D0, X=DO+D} Mexist{D0, M=DO*D})),
FF_4 = all{LL, { (LL<X) -» all(M, exist(D, exist{D0,LL=D0"D)
Mexiese(Dp0, M=DO=D))31]e
FF_5 = tall{LL, { (LL<N}
- all(M, exist{D, exist{D0,LL=DO*D)
Mexisc (D0, M=DO*D} )1}
=% all{M, exist({D, exist{D0, N=DO*D)
SJexisc (D0, M=DO*D)}13,
FF_6 = N,
Fr_T = all(®, (all{LL, { {LL<N}
=3 alli™, exist(D, exist{D0,LL=D0*D)
exist{Dd, M=DI*D)]17]]
=» sll{M, existc(D, exist({DO, H=DO*D)}
Aexise(Dl, M=DO=D1Y31).
FF_B = X,
FF_% = all(¥, &lli{LL, { (LL<H) =» all(M, exist(D, exist(DO,LL=D0+D}

FF_10 = all(LL, { (LL<O) —-» all{M,

Ahvexist (DO, M=DOWD}}1})),

exist(D, exist(DO,LL=D0*D}

Sexist (DO, M=DO*D}}iii.



FF_31 = all(LL, ( (LL<(N+1)) -» all({M. exist(D, exist(D0,LL=D0=*D)
Aexist (D0, M=DO0=D)33)),
FF_12 = {(LL<40) =» all(M, exist(D, exist(DO,LL=D0*D)
Aexist (D0, M=DO*D})1).
FF_13 = [(LL{(N+13) =% all{M, exist{D, exist{D0,LL=D0=D)
Mexist (D0, M=DO=DY))).
FF_14 = all(M, exist({D, exist{DO0,LL=D0*D)
Ayexist (DO, M=DO0*D))),
FF_15 = all(M, exist{D, exist(D0,LL=DO0*D}
Avexist(DO, M=DO0*D))},
FF_16 = '{bhottom$',
FF_17 = (LL{N}%/(N=LL},
FF_18 = all(M, exist(D, exist(D0,LL=D0+*D)
Shvexlst (DU, M=DO*D}))}.
FF_19 = all{M, exist({D, exist (D0, LL=D0=D)
Shexist (DO, M=DOwD)}),
FF_20 = {(LL<0) -» 'Shottom$'),
FF_21 = {LL<0;,
FF_22 = [LL<N),
FF_23 = {(LL<N) =} all(M, exist(D, exist(DO0,LL=Bh0+*D}
Ahexist (DO, M=DO*D}))),
FF_24= (N = LL),
FF_25 = all({M, exist(D, exist(D0, N=DOwD)
Swexist(D0, M=DOvD})),
FF_26 = LL, % FF_26 = N,
FF_&7 = all{LL, ((LL<N} =} all(M, exist(D, exist(D0,LL=D0*D)
Sexist{D0, H=DO*D)iY31),
FF_28 = all{LL. ({LL<N} -» all{M, exist(D, exist{D0,LL=DO*D)
Aexist (DO, M=DO=DY)))),
Gammal = pt([ pt{[], FF_6, "Sassum&',[]},
pe(l]l, FF_7, 'Sassum$',[]3],
FF_5, "Sall-ES',[1).
Camma2 = pt{[pt{[].X, ‘Sassum$’,[]1},
pe(l). Fr__?r "fassumt’, []}],
FF_2%;, 'Sall-E5"', [1).
FF_25% = (all{LL, { {(LL<X)
=¥ all(M, exist(D, exist(DO,LL=DO%D}
ShexXist (D0, M=DO*D} )13}
- all(M, exist(D, exist{D0, X=D0=D)
Sexist{D0, M=D0=D1)3)),

FROOF_TREE_2 =

peil
peil
il
peil
FE([)l, FF_B, 'Sassums’',[]},
Pl
ptil
prll
ptil
Pl

pEi[]l, FF_21, ‘'$assum$*,[]},
pri[pe{[] .M, "Sassum&", []}1],

FF_20, =, [13
1:
FF_16, 'S-3®E£',[1)
I
FF_ 14, "Sbottom-E5',[]]
1.
FF_12, '$=3I&',[FF_21]}
] r
FF_10, "$all-TIs',(LL]y,
Pril
PE{IL
(I



il
peifl, LL{(N+17}, “Sassums’, [1).

pril

pti{l}, LL, 'Sassum$',[]},

pt(l
pti{ll. M, "Sassumb ', (1),
PROOF_TREE_OF LEMMA 4
1:
all(Y,
(YC(H+TY = [YLRINA(H=Y)]3,
'sall-EE . [

e

[LLe{H+1) = (LLAN}W/(N=1L)).,
'sall-ES', [1)
1.
FF_17,'§=*F§", (]},
prid
pr(l], FF_22, "Sassum$', [1).
pt( [
Ptt'] ¥ FF_EE- "Sassumi', [1),
ptili., FF_27, 'Sassum%’';[]]
|
FF_23, 'Sall-ES', [])
]+
FF_L18, "$=2E%',[]},
pril
pt([]., FF_24, "Sassums’,[]),
pell
pe{[1.FF_27, 'Sassum$’, (]},
Gammal
1,
EF_23, 'S—YES', I
1
FF_158, 'S=-E5', [1)
]i’
FF_15, "S8%/-ES', [FF_J3, FF_241)}
I
FF_13, PE=IS ' T{LLC(HAL) ) 1)
1:
FF_11, 'Sall-1%', [LL]}
1.
FF_%, 'Snat=inds*,[FF_27])
1.
FF_4, '$all-E5°,[]),
Gamma 2
1.
FF_3, "E=3ES , [1
1«
FF_2_32. ‘eall-Is',[X1)
1.
FF_1, "5—=»1%", [FF_T)l3,

PROOCF_TREE

= pt{|PRCCF_TREE_l, PROOF_TREE_21.
all(x, all(™, exiet(D, exist(D0, X=DO=D) Mexist(D0, M=DO*D}))),
"S-2ESC, (13,

¥3%% LEMMA_1: all{P, {(P=0)1"/(F>Q)) "hkk
PROCE_TREE_OF_LEMMA 1 =
pril
PRI
peil
Pt[l]rclr“"[]:l
14
o=, ‘%', [1}
1.
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(0=0)% (020), "8/ -T5',[1},
el
pril
ptill, (P=D)%/(P»0), 'Sassum$', []},
Pt
pri{lpt({l], P=0, 'Sassumn$’,[})],
{1= (P+13y, =,[1).
P[]
10y, =, (1}

1.
f;Pﬁ'l}}ﬂ}; 'S-'-E5'- r]]r
=1
pEil
prill, P*1, 'Sassum$’,[]}
1.

(P+1)>1, =, [1}.
PECLL, 1320, =, (1)
:;Pil}JU]. *. [
1;p+1;>n;. 'ENA-ES', [B=0, (F0)])
1EP+1}-Uj\j[{P*1]}BJ, TENA-ISTL L)

]
F_7, 'Soat-imd§", [(P=0)% (P*03]y,

$98% Lemma 2: all(Q, exist(DO, 0 = DO*Q)] %%k
PROOF_TREE_OF_LEMMAE 2 =

pE(
peil
pe(l), 0, =[]},
Pei{ll. O0=0=Q, =, (1)
]:
exist(D0, 0 = DO*Q), 'Sex-I5', [])
Ie

?_23; '5&11_I$ "a [Q‘J ] 'l

33%% Lemma 3; all{R, exist(D0, R= DO*R) %Wk
PROOF_TREE OF_LEMMA 3 =
pE( ]
pe( [
PECl)s 1, =, 013,
Ptt[]r B =1*R, =, []}
1. exist (D0, ERE= Do=R) , 'Snx-IE‘.I]J

F_44, "%all-I%*, [R])},

$%%% Lemma 4: all(X, all(¥, ({ (¥<(X+1) =3 (YCX)\/(X=Y}})}) S4%%
PROOF_TREE_OF LEMMA_4 =
PL{[TREE_1, TREE 2],
all(X, all(¥, ( (Y<{X+1) =>» (YR (X=X1)70 7,
"frat—ind$ ', [all(Y, { (Y<(A+1) =3 [WOR)\S(X=¥3))1300,
TREE_1 =
pil
P
Pl
pril
peil
Pril
pEO1, 0, %', 11
1
l:lwl:l, I"r":]
HES
pri[l.0<1, "Sassums*, (13
]i
[OmD) [ 0€1),



"Sand-I5', []
]
]l
o=0,
*Sand=E$", []
]
1.
(040 0=0)
AV RPN
]J
((041) =3 (0CO)NF(0=0)),
TE=RI§, [{0<1)1).

pril
peil
pril
ptil
pE([], (¥Y+1)<1, **',[1}
|
Yfal“‘f[l:lf
pt{ll., ¥, 'Sassum$’,[]}
I
'"Sbottom$*, "*', []
}
1.
[P+ €0 (0=(X+1)) .
"Shottom-E§*, []
}
1.

COQE+1yCl) =3 ({140 (0=(T+1) ) 0y
te=3T5Y, [ {¥+1)<1 }
H
.
sll(Y, ((¥<l) =» (YO (O0=X)}),
"Enat-indt ', [({¥4ly =3 [(Y¥<01(0=X3)]1),

TREE_2 =
peil
pEil
pt{[TREE_2Z1, TREE_22, TREE 23],
(ECRFI)IN TR+ =Y,
‘SNBSS, L{0=Y), (¥X031)
1
({YS(X+2)) -3 [EC(ERFLIIN((X=13=Y) ),
"g=3Is', [ Y4(x+2) )
)
1
all(Y, ((¥<{d+2)) = (YOXFLNINS({X4LN=T)) ).
*$all-15", [¥]
T
'IREE‘_Z 1l =
peil
ptill, ¥, 'Sassum$’',[]},
TREE_211

1
CLO=TN Y0 ),
‘tall-Es", []1}.

TEEE 211 = % Proof of all Ninat. O=tN/N»D
il
ptil
pril
prell.0. " (1)
¥e
=0, "=, (1)
-J i
[0S0 0Y . TENATE LD,
ptil



ptil
pPril, (O=M){N:0), 'Sassum$’, [];,
ptil
prilpt([], O=N, ‘Sassum$',[1)],
(1= (H+133y, *, (]
rrill.
(100, =, [
1
((H+1)30), 'S=<E8', [13,
pril
pril
prill, M»1, 'Sassums’' [}}
1.
(H+1y21, =
P[], 10, =
1
(R0, =, []}

L} ¢
¥

1}
1

]F
(H+1)20), "SN/-E§', [0=N, [(N¥0)1]}
]l
(o= (N1} N0 (RFL)20), "$3/=T5",[])
1.
all{N, {O=N)%W/(HNX0}), 'Snat=indS', [(O=N)}'/(N301]3,

TREE 22 =
Pl
peil
prill, O=¥%, 'Sassum$’,[]),
pE([
peil]l, X, "Sassum5',[])
1,
[OC(X+13y, "=, []}
1.
(EL{a+1y,
'$=-E&',[1)
Is
IRATECE R AVERS LRSS
"S-I5, (]
Ve

TREE_23 =
pril
pril
PE{IpE{ ], ¥4(¥+2), 'Sassum$’, [1}],
(Y=13€{X+2), "=*", [},
Puii
pril
pti{l], ¥»0, 'Sassums',[]}
]i
¥-1., "*', [1}.
pe(ll.
ALI(Y, { (YC{X+L) =3 [YLHINS(X=FIi3),
Teassum5', []3
1.
CO{Y=1)€(X+1)) > [(Y-13€X)NA(X=(¥=171)),
'$all=-ES"', []1
1.
(=13 €N [(Xm{¥-1} ),
"§=FEF', [1)s
pril
pEil
PEO[]s (¥-1)¢X, "Sassums', []}
i
TO(R+1r, "=, [
Jr

(EC{E+L N0 (X+1)=¥)



YENS-IS L1,
pell
pE(l pt((), X=(¥-1), "%assumi’',[]) 1.
{x+ly=y, ‘=, I
1.
(TR {XHL Y=Y,
TENS-TIE LI
).
[(YC(E+1))0NA0 (X1 ) =Y,
TENS-ESY, [ (¥Y-1)4X, X=(Y-1) ]
).
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Appendix 3: Extraction of GCD Program

#41 Proof Compiler System #4¥
Eugust 19 im 1987 ¥.Takayama

Proof File Name »* ‘god.pr’.

ged.pr consulted 5692 words 3,61 sec.

BRERRAREGRARARARRRERERRRAREL
& Proof of Common Divisocr &
SERRLARHAERERRRRRRR R R RGN

yaE
| ?— poomp.
pisplay Conclusions?® [y/mln.

Display Rules?® [y/snln.

[Conclusion]
2ll¢_153, all(_102, exist(_103,
exist({ 104, 153=_104+_103)Aexist(_104,_102=_104%_103))))

Code is ==3
KPP
FUN({[_647,_657,_662], FUM([_153],
REF{
APP([_647,_€57,_662],_153},
APF(MU([_771,_781,_786), FUN({[_100]. FUM([_101],
IF-THEN-ELSE(
laft=rpD(
h?PIHU{[_S?ﬁ],FUN{f_153],
IF-THEN-ELSE(_153=0,
FUN{[_187] ,right},
FUN({ [_13?] [
IF-THEN-ELSE(
left=haPP|
Fum{[_100].
IF'THEN—ELSE[_lDﬂ-ﬂ,l!ft,right]],
_le7y.
left,
IF=-THEN=-ELSE(
left=APP(
APP([_976] ,pred(_153}},
_1a7-1y.
laft,xightilig)
Yo
_100),
_lol
Y
MEF(
BEB{[_ 771, 781, _786),pred(_100)).
_im
Yr
APE{
hPP{[_5&?._55?._&52];_}0&;,
APR{]_771,_ 781, _TBE],pred{_100)131)}
HE
152}}
Yie

FUN([_100],FUN([_1407,_1417,_14322],

-3 =



IF-THEN-ELSE({left=APP({FUN{[_111),TF-THEN-ELSE( 111=0, left,right}},_ 100},
FUN{[_102],[_102, [APRP{FIMN{[_129],0),_ 102y, APP{FUKR([_131],1}._1023]1]),
FUN({[_102],APP{APP([_1407,_ 1417, 1422],™ mod Nj,_100))}71)

33 —



