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Abstract

A framework of Prolog program transfermation, which permits more implicit definition
of new predicates, is presented. Definition of a new predicate is usually done by setting a
new atom, i.e., atom with the new predicate symbol, equivalent to some conjunction of oid
atoms, i.e., stoms with already known predicate symbols. In our pew framework, we permits
definitions such that some conjunction of old atoms and a new atom, called generalized .
head, is set equivalent to some conjunction of old atoms. This is a generalization of the
framework known so far and especially uzefull to accommodate a heuristics called forced
folding or (folding driven) geal insertion naturally. We show the transformation roles for
the extended framework and prove its correctness, that is, if a usual definite clause program
P for new predicates is derived from such extended definitions D and a fixed definite clanse
program P.ig for old predicates, a conjunction of atoms succeeds using 2| Pyq if and only
if it succeeds using P |} P4, when the conjunction is an instance of the generalized heads.

Keywords : Program Transformation, Trapeformation Strategy, Prolog.
Contents

1. Intreduction
2. Preliminaries
2.1. Atoms and Molecules
2.2. General Definite Clause Programas
2.3. Semantics of General Definite Clause Programs
3. Transformation of General Definite Clauze Programs
3.1. Transformatien Process
4.2, Basic Transformation Rules
3.3. Equivalence Preservation Theorem
4. Preservation of Equivalence
4.1. Rank and Hank Ordering of Closed Molecule
4.2, Rank-Consistent Proof
4.3. Proof of the Equivalence Preservation Theorem
5. Dizcuszion
6. Conclusions
Acknowledgements
References



1. Imtroduction

In the unfold/fold program transformation, we need several heuristics to derive right
programs from ipitial description of programs. Among such heuristics, it is an important
one to insert goals intentionzlly in order to fold derived programs by the original program.

Clark and Darlington |2] and Darlizgton (3] called such a technique forced folding. For
example, when

sort(L; eLg)==N; Nz such that

perm{Ly,M;),perm(Ly,Mz), perm(M; oMz, N; oN3),ordered(N, oNz).

was obtained from the initial description of sort (o is for append),

sort(L)=M such that perm(L,M),ordered(M).
they inserted ordered( My)Aordered(Mz) to fold perm(Ly, M), perm(L2, M2) with these in-
terted goals by the initial definitien, and tried to synthesize merge program from

perm(M, oMy, N; eNy), ordered(M,)Aordered(M,) Dordered(N, eN3)
But they didn't eemplete its derivation and their discussion was rather informal.

Tamaki and Sato [11] also uzed such a technique called (folding driven) goal insertion
for Prolog program transfcrmation. For example, when

sort([X|L],M) :- perm(L,N),insert(X{, N M), ordered{M).
was obtained from the initial deseription of sort,

gort(L M) :- perm(L M)}, ordered(M).
they inzerted ordered(N) in order to fold perm(L, N} with the inserted geal by the imi-
tial definition, because fnsert{X |, N, M)Aordered( M) Dordered(V) is valid in the minimum
Herbrand model. But, when their “goal insertion” in general is combined with the unfold/feld
rules, it might loose equivalence in the tense of minimum Herbrand model semantics and
peeds additional and slizhtly complicated book keeping to guarantee it

In this paper, we present a framework of Prolog program transformation, which permits
more implicit definition of new predicates. In transformation of Prelog programs, definition
of a new predicate p is usually done by setiing

Pl:xllle' . 'Ixﬂj = Jll'IJJl"Il' . 'JAI'J'I--
where Ay, Az, ..., Am are atoms with old, i.e., already known predicate symbels. In our new
framework, we permits definitions with generalized heads

A]. IA'ZI' . -|A[|p{}:hxir' . 'J}:'ﬁ-j = AI+I:A!+QJ' . '|A[+f'
where A;, Az,...,4;4, are atom: with old predicate symbols. This is a generalization of
the framework known so far and especially usefull to accommedate a heuristics called forced
folding or folding driven goal insertion naturally. We show the transformation rules for the
framework and prove its correctness, that is, if a usual definite clause program P for new
predicates is derived from such extended definitions D and a fixed definite clause program
P.4 for old predicates, s conjunction of atoms succeeds using D|J P.iq if and only if it
succeeds using P|J P,ig, when the conjunction is an instance of the generalized beads.

This paper is crganized as follows. After preparing some preliminary materials in
Section 2, we explain our methed by using a simple example in Section 3. Then, we prove
its correctness in Section 4. Lastly in Section 5, we discuss relations to other works and
problems left.

In the following, we assume familiarity with the basic terminologies of first order legic
such as term, atem (atomic formula), formula, substitution, most general unifier (m.g.u.) and
30 on. We also assume knowledge of the semantics of Proleg such as Herbrand interpretations
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and minimum Herbrand models. (see [1],14],{7]). We follow the syntax of DEC-10 Prolog [8].
As syntactical variables, we use X, Y, Z for variables, boldface letters X,Y,2 for sequences
of variables, s,t for terms, A, B for atoms and boldface letters H.B,0 for muitisets of atems,
possibly with primes and subscripts. In addition, we use o, r for substitutions.

2. Preliminaries

Now on, we assume about constant, function and predicate symbols as follows.

(a) The set of constant and function symbols is fixed so that we have a fixed Herbrand
universe.

{b) The set of predicate symbols is divided into two disjoint s2ts. One iz a et of predicates
called old predicates. Another is a set of predicates called new predicates.

The old predicates are defined by a fixed explicit definite clause program 5°'¢ and the
pew predicates are defined by an general definite clause program §™*¥, both of which are
being explained in this section.

2.1. Atoms and Moleeules

Atoms with the old predicates are called old atoms, while those with the new predicates
are called pew atoms. Atoms containing no variable are called ground atoms. Finite muitisets
of (ground) atoms are called {ground) atom sets.

An existentially quaniified conjunction of the form
3X1,Xz2,- - Xm (A1 AAZA- - -AAL) (m20,n20)

is called 8 molecule, where X, Xz,..., Xm are distinct variables and A;, Ag,..., Aa are
atoms. Variables Xy, X3,...,Xm are called existential variables, while other variabies in
the molecule are called global variables. Molecules without global variables are called closed
molecules and those without any wariables are called ground molecules. (These definitions
are due to Tamaki and Sato [12].) By representing each existential variable X by X,
the existential quantifiers at the head are omitted now on and moiecules are denoted Ly
atom sets containing (possibly no) !-annotated wariables. Molecuies obtained from M by
instantiating all global variables in M to ground terms are called closed instance of M, those
obtained from a closed molecule N by instantiating existential variables io ierms without
global variables are called existentiai instance of N.

2.2. General Defipite Clause Programs

An explicit definite clause program is a finite set of expiicit definite clauses. An expiicit
definite clause is a formula of the form {m2>0)

A.u - AIJ-A'EP N .rA",,.
where {A;, A3,..., An} it 3 molecule and there is no giobal variable appearing in 4;, Az, .., Am
and not in Ap. An explicit definite elause without body is called 3 unit clause. {Tlus
definition is also due to Tamalki and Sato {12].)

Example 2.2.1. Let ordered, < and insert-randomly be old predicates defined by the foilow-
ing explicit definite clause program S§%'%.

ordered(] ]).

ordered{[X]).



ordered{{X,YIL|) = X<Y,ordered([Y|L]).

0<Y.

suc{X) <sucY) - XY,

insert-randomliy (20, N, [X|N]).
insert-randomiy (3, [Y|N],[Y|M]) - insert-randomly(X,N,M).

A general definite clause program is a finite set of general definite clauses. A general
definite clause is a formula of the form (I,r>0)

AvAz,. ALAe- A Area, oAl
where {A;, Az,..., A} and {41, A3, ... Argr} are molecules consisting of old atoms,
Ag i3 a new atom without existential variables and there is no global variabie appearing in
Ary1,Aria, .- Ars, and not in A, As,. .., A, Ag. (Of course, these two molecule have no
common existential varizbles.)

Following the terminologies for explicit definite clauses, the lelt-hand side is called the
head and the right-hand side is called the body of the general definite clause. A general
definite clause without body is also called a unit cfause. {Generai definite clauses are of the
same form as explicit definite clauses when {A,, Az, ..., A} is empty, i.e., the head consists
of just one atom.)

Example 2.2.2. Let ordered, <, insert-rondomly be old predicates defined as before and
ingert-properly be a new predicate defined by the following generai defluite clause.
ordered(N),insert- properly(X,N,M) - intert-randomiy(X,N M}, ordered(M}.

2.3, Semanties of General Dednite Clause Programs

Let $°M4 (] §™** be a general definite clause program. A proof of closed moiecule G =
{A1, Az,...,Ax} in §°'%| ) §™¥ is a sequence T of closed molecules defined as {ollows.

(a) T is a proof of G in §°4]J §™* when it is a sequence consisting of a single molecule
G and some existential instance of G is a closed instance of the head of a unit clause in
Seld| J sne¥ (The unit clause is said to be used at the root,;

(b) Let A, Ai,..., A, A, be atoms in some existential instance o(Gj. T is a proof of &
in §°'4| ] 5" when its first element is G, “A; Ay, .. 4 Ay - By B, B, s
closed instance of some deflnite clause in S*'|JS™** and its tail is a proof of G' =
F[G} - {Al.i_:l Aiil sy Ai;rjig}} H {Bil B:I . -rET}' {The definite clause is said tc be
used at the root and G is said to be reduced to &'}

The length of proef T is called the size of T,

Example 2.3.1. Suppose ordered, < and insert-randomly are definec as before and inasert-
properly is defined by

insert-properiy (X, [ 1,7X]).

ordered{[Y|N]),insert-properly (20,1 |N], B Y|N]) - X<Y,ordered([YN]).

ordered|Y|N]),insert-properiy(X,[Y|N],{Y|M]) :- insert-randomiy(X, N, M} ordered{[Y|M]).
Then the feliowing sequence

{ insert-randomiy(3,[2,4},[2,3,4]) ,ordered([1,2,3,4]} }

{ msert-randemiy(3,[2],[3,4)] ordered([1,2,3,4]) }

{ ordered{]1,2.2 4]} }

{ T=Z,oracrea([2,3,4)) }

{ ordered([4]) }



is a proof of {snsert-randomiy(3,[2, 4], (2,3, 4]), ordered([1, 2,3, 4])} and
{ ordered{[2,3,4]),insert-properiy(i,[2,3,4],01,2,3,4]) }
{ 1<Zordered{[2,2,4]) }

{ ordered([4]) }
is a proof of {ordered(]2,3,4]), insert-properiy(1,[2,3,4],[1,2,3,4])}.

Let § be a program consisting of an explicit definite clauze program 5% and a general
defnite clause program S™*“. The set of all closed molecules for which a proof in S exists is
denoted by M (S). Whea S consists of only explicit definite clauses, any ground molecules
in M"(S5) is a set of ground atoms in the usual minimum Herbrand modei of §.

Example 2.3.2. Let §°'¢ be a program defining ordeded, < and insert-randomly in Example
2.2.1. Then M"[5°'¢) is the set of all closed molecules. Grouad molecules in it consists of
ground atoms in the usual Herbrand medel of 5eld,

Let S™*¥ be a program defining insert-properly in Example 2.2.2. Then M°{§°4( ) 5™**)
contains no singleton molecule of the form {insert-properly(X, N, M} where N is unor-
dered, but contains, for example, {ordered([2, 3, 4]), insert-properiy(l, (2,3, 4], [1, 2,3, 4]}}.

We sometimes restrict our attention to = class of closed melecuies. Let H be a set of
closed molecules. Two programs S; and S; are said to be H-equivalent when M™(5,)(H
is identical to M"(83)(H. In particular, when H is the zet of all closed molecules, it is
simply said to be equivalent. Note that S; and §; are not nece:sarily equivalent even if §;
and S5 are H-equivaient. -

Example 2.3.3. Suppose insert-properly is defined by
ordered(N),insert-properly(X, N, M) - insert-randomiy(X,N,M),erdered(M).
in 5, and by
insert-properly(X,{ |,[X1).
insert-properiy(X,[Y|N][X, Y|N]) - X<Y.
insert-properly (X, [Y|N],(Y|M]) :- Y <X insert-properly(X,N,M).
in S3, where ordered, < and insert-randomly are old predicates as before. Let
H = { { ordered([])} } U
{ { ordered((t]) } | ¢ is a ground term } |
{ { ordered([sy,s2] ti} } | #1,#3,¢ are ground terms } {J
{{o<t}|tisaground term } {J
{ { sue(ty)< suc{ty) } | t;,ts are ground terms } |J
{ { insert-randomly{s,t,[s|t]) } | &, are ground terms } |
{ { insert-randoml¥(sy,[3g|ty),[82(t2]) } | #4, #2, 4, £z are ground terms } 1)
{ { ardered{t,), inzert-properly(s,ty,ta) } | 2, ¢;,¢; are ground terms }
Then §, and 5 are H-equivalent, but sbviously not equivaient, because fnsert-properiy 1o
Sz does not fail even if its second argument is not erdered.

A, Transformation of General Deflnite Clause Programs
3.1. Transformation Proeess

The entire process of our transformation proceeds in the completely same way as
Tamaki-Sato’s transformation [11] as fallows.
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Fp :=the initial definite clause program ; Do := { };
zet each counter of definite cianse in Fy to 1;
for { -= 1 to arbitrary N such that all definite clauses in Py are explicit
apply any of the transformation rules to obtain Py and Dy from My, and D;_ 4,

Figure 1. Transformation Proceas

Example 3.1. Before starting, the initial definite clause program is given, e.g.,
Pg : Cy [1]. append(] |,M M}
C; {1]. append([X|L],M,[X|>]) ~ append(L,M,N).
and Dy is initialized to { }. The numerais in | ] denote the values of the counters. This
example is uszed Lo illustrate the rules of transformation.

2.2, Basic Transformation Hules

The basic part of our transformation system consista of Ave rules, ia., definition, body-
unfelding, head-unfoiding, folding and cancellation.

Deflnition : Let C be a general definite clause of the form
Ay Az, AL pl Xy, Xy Xa) m Ay Aisgy o Al

where

(a) pis an arbitrary predicate appearing neither in Py mor io Diy,

(b) Xy, Xa,..., X, are distinct variables which includes all giobal variabies in the head,

(¢] predicates of atome in Ay, Az, ..., Ay, Ay, Arga, ..., A, all cppears in Py and

[d] E{A:lﬁ.‘l'u"n.' . J"I.AJJ it provable in Fy when d(ﬁqq.[.a"..ri;.'.q.f‘-.' ".n’ﬁ.,rl.:-!_p} is provabie in Fy
for any clesed instantiation o.

Then let P, be P, |J{C} and D; be D;_; |J{C}. Let C have counter 1.

The predicates intreduced by the definition rule are called new predicates, while those
in Fy are called old predicates.

Example 3.2.1, We define a new predicate p by Oy, {Though the new predicate p is not
interesting, this example is small enough to present our transformation rules.)
Ca [11. append(M N,"MN) append(L '"MN,LMN) p(L M,N,LMN] -
append{L. M LM append(TLM, N, LMN).
Then Py={C;,Ca, Ca} and Dy={Ca}.

Body-Unfolding : Let € be a geoeral deflnite clause in P;_; with counter v deflning a new
predicate, A be an old atom in the body not marked "inkibited” and &y, Cq,..., Ce be ali
the definite clauzes in F,_; whose heaas are umifiable with A, say by m.g.u."s oy, 03, .. ., Ok
Let C be the result of replacing o.(A) in &.(C) with the body of o.(C,). {New variables
substituted for global variabies in A are treated as fresh global variables. Other new variables
are treated as fresh existential variables.) Then jet F; be (P, — {C}:|U{C,CY, ..., CL}
and D; be D,_,. Let each C have counter 7= 1 uniess it is already in F;_; with lower
counter

It is expinined in the following wihen old atoms are marked “inhibited®. In this paper,
we restricted that body-enfoided atoms be marked “inhibited™ in order toc make the proofl
in Section 4 simpler.
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Example 3.2.2. When Cj is body-unfoided at its second atom append(L, M,!LM] in the
body, we obtain P; = {C, Cz,Cs, Cs, } and D3={Cys} where
Cs [2]. append(M,N,’MN),append([ |,’MN,LMN),p({ | M,N,LMN]} :-
append(M,N,LMN)].
Ceg [2]. append(M,N,"MN),append([X|L],’MN,LMN),p(EX|L |, M,N LMN]) -
append{L,M,’LM),append([X|TLM],N,LMNj.
Then Cs is body-unfoided further to
ct 13]. append(M,N,"MN),append([X|L],’MN,[X|LMN]),p((X|LjM,N,[X|LMN]) =
append(L,M,’LM),append{’LM,N,LMN).
we get Py={C,, Cs, C*,l:g]' and Dy={C3}.

Head-Unfolding : Let C be a general definite clause in P;_; defining a new predicate with
positive counter 4, A be an old atom in the head and € ra14.r be the only one definite clauze
whose heads are unifiable with A, say by an m.g.u. . Let C" be the result of replacing o{A}
in the head of o(C) with the body of o{Cunyoides). (New variables substituted for global
variables in A are treated as fresh global variables. Other new variables are treated as fresh
existential variables.) Then let P; be {(P,_; — {CHJ{C"} and D; be L¥;_,. Let ' nave
couanter 7— 1 unless it is already in F,_; with lower counter.

The condition that head-unfoided atoms have only one deflnite ciause with uniflabie
head is crucial.

Example 3.2.3. We unfoid Cy at its head atom append([|,'M N, LM N to obtain Py={C,,
C;, C:.’, Cﬂ.} and Da ={Ca}, where
Ce [1]. append(M,N,LMN),p([ | M,N,LMN) :- append(M,N.LMN).
Similarly, by head-unfolding C§ at itz head atom append([X{L],TMN, IXILMN]), we get
Py={C,,C3, Cq,Cr} and Dy={Cs}, where
Cy [2]. append(M,N,JMN},append(L,"MN LMN},p([X|L],M,N,[X{LMN}) =
append(L,M,ILM),append(?LM,N,LMN}.

Folding : Let C be a general definite clause in P;—; which is of the form
ALAz A A0 - AprnApta wApsa.

with counter 7 and to which no folding has ever applied. Let Cyuiy,, be a general definite

clauses in D;_ which is of the form
By, Ba,....Bg B - H-q.p.];,qu.*;,. : .JB.;.s_-m.-

Suppose there is a substitution ¢ and a subset {A; |, Ai 4 - Aigem} of the body of T

such that the following conditions hold.

(a) Noatom in {A;,,,, Aigpys- 1 4igsnt i3 marked “inhibited®,

(b) Ay = U{BJ'} forj=gq+1,9+2,...9+m,

(c) o substitutes distinct existential variables for the existential variables of Cpoiger and
moreover those variables do not eccur in {Ag, Ay, Az, .., Appnb—{Ai A e Aiga )
and

d) m+1<nt+n.

Then let P be (P 1 —{C}H{J{C"'} and D, be D,_; where C' is a generai definite clause with

head A;,As,... A, Ag and body {{A;+5, App2, - dpinl — {Ai i Aigenr - Aigeml})

U{e{By),o(Ba), ...,e(B,),¢(By)}. Let ' have counter y—1. Mark a(By),0{Ba), ...,008q)

in the body of C' “inhibited”.

In this paper, we restricted that foidings be appiied at most once to eacn definite clause
in order to make the proofl in Section 4 simpler.
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Example 3.2.4. By folding the boay of Cy by Cs, we obtain Py={C,,C3,Ce,C7} and
Dy={C3} where
cs [1]. append(M,N,"MN) append{L ,"MN LMN) p{[X|L],M,N, XL MN]) -
append{M.N,*MN'"} append(L,'MN' LMN) p(L. M, N LMN}.

Cancellation : Let C be a general definite clause in F;—; of the form

ApAa,. . Anhe - Ajen Acgg oAl
with counter 7 defining a new predicate. Suppose A; A;, ... A; intheheadand A, A, .. A,
in the body are variants by repaming of existentiai variables and these existential variables
do not appear in other old atems. Then let P; be (P — {C} H{C'} and D; be D,
where C' is a general definite clause obtained by deleting these atoms from the head and
the body. Let C' inherit the counter of € unless it is already in Pi—, with lower zounter.

Example 3.2.5. By cancelling append(M, N, LM N} in Cq and {append(M , N, "M N}, cppend
(L,'MN,LMN)} and {eppend(M,N ,MN'), append (L,’MN',LMN}} in C%, we get
Pe= {C,,C3,Cy, Cy} and Dy={C;} where

Cs It]. p([ .M,N,MN).

Co [1]. PIIXILLM,N,XILMN]) = p(L.M,N,LMN),

3.2. Equivalence Preservation Theorem

The definite clause program Fp given first is called the initial program. When the
trapsformation process is stopped at some N and the program is trapsformezd to a definite
clause program Py, several defnitions are accumulated in Dy. Then Py is called the fnal
program and Dy is called the definition set of the transformation process and sometimes
dencted simply by D. The set of all closed instance of the heads of clauses in PoiJ D is
denoted by H.

Example 3.3. If we stop the transformation process at step 6, we reach the final program
and the definition set
Pa : C; [11. append{] |, M, M).
Cz [1]. append([X|L] M,X|N]) :- append{L,M,N].
Cs [1]. p({ |.M,N,.LMN).
CE El,ﬂ pl:[lelierN:[leMN}j - P{L,M,N,LMN}.
D : Cy [1]. append(M N "MN} append(L,"MN,LMN),p(L M N,.LMN) -
append(L M,’LM),append('LM N LMN).

The most important property being proved in Section 4 is the following theorem.
Theorem 3.3. Fy|J D is H-eguivalent to Py.

But in the following discussion, it is convinient to assume that all definitionz in D are
given from the beginning. Tc pretend it, for any transformation sequence {Fa, Do}, (P, D4, .,
(Par, D), a sequence S, 5y,..., Spy is defined by 5,=F,; | J(D— D) and called wirtual trans-
formation sequence. (This is aiso due to Tamaki and Sate [11]) In particular Ss=FR, U D
and Sy =P, . Sioce the definition rule is the identity transformatien in the virtual transfor-
mation sequence, it is ignored when treating the virtual transformation sequence. Moreover,
note the following three facts.

(a) For simplicity, we have restricted application of basic transformation rufes to those cn
old atoms in the definite clanses dedning new predicates. Hence the defimite clauses
defining old predicates in §; are kept fxed during the trapsformation process and the
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definite clauses defining new predicates is the only changing part. We denote the former
by §°!4 and the latter by S7°°.

(b) Old atoms marked *inhibited” are generated when they are oid atoms in the head
of a definite clause in D used in folding., We have restricted that the old atoms. to
which body-unfolding and foiding rules are applied, are not marked "inhibited”. Hence,
throughout our transformation process, new atoms in the body of any definite clause in
P; always appear as a part of an instance of the head of a definite clause in D,

(¢) For any transformation sequence, we cag rearrange it without changing Sy such a way
that cancellations are dome ail at ance at step N — 1 to drop all old atoms in the heads
of all general definite clauses. (Moreover, we can assume without loss of generality that
all body-unfoldings are applied first, all foldings next, all head-unfoldings next and all
cancellations last. But we do not use this fact in the following proof.)

4. Preservation of Equivaience
4.1, Rank and Rank Ordering of Closed XMolecule

Let G be a closed molecule. Then rane((F}, the rank of G, is the minimum of the size
of the praef of G in Sg. Note that rank(G) > 0.

Example 4.1.1. Let S5 be the program iz example 3.2.2 defining append and p. Let g be
{append({2],3],"MN),append({1],7MN,(1,2,3)), p([1],[2],{2},11,2,3]),append({ L{1], (1)}
Then the rank of Gy is 7, because the following is the proof in Sp.
{append([2],[2],TMN),append({1],7MN, 1 2 3]}, p([1],(2],[3},(1,2,3]),append(] },[1},[1]
{appera([1],[2],/LM),append{TLM,3},[1,2,3]), append(] |,{1][1])}
{append(] 1,[2],/LM"},append([1{7LM'],[3],[1,2,3]), append([ 1,[1],[1])}
{append([1,21,(3],11,2,2)),append(] 1,[1,{1])}
{append([2],]3],12,3]},append(] ],[1}.[1])}
{append(] |,13],[31),append(] ],{1),[11)}
{append(] [,11],[1]}}
Let &3 be
{ append({2),[3],"MN},append(] ],"MN,[2,3]}, p([ ],(2},(3],12.3]),append([ },[1],[1]) }.
Then the rank of G is 5, because the foilowing is the proof in 5.
{append([2],{3],"MN),append([ |,'MN, (2,31}, p([ ],{2],[8],2,3]) ,append([ [[1],[1])}
{append([ |,[2],7LM),append(’LM,[3],12,3]), appead({ ,[1],(1]j}
{append([2], 3],12,3]), append(] |,[1],[11}}
{append(] [,13.[3]),append(] ],11,(1])}
{append{| [.{1],[11)}
Let &4 be
{ append(]2],[3],"MN),append(] ],[1],[1]} }.
Then the rank of G4 is 2, because the foilowing is the proof in Sg.
{append([2],[3],’TMN),append(| ,{1},]1])}
{appexnd([ |,[3],TMN"),append(] ],{1],{11}}
{appenc(] J,(1].[1])}

1
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We would like to prove that M (Sy)[H = M"(Ss)H when Sy,S5a,..., Sy is the
virtual transformation sequence. But this is too weak as an induction hypothesis when we
prove it by induction.

Let H be the set of all closed molecules satisfying either of the following conditions.
(Note that H 2 H.)



(a) It comsist of only closed oid atoms. .

(b) It contains just one ground new atom and includes a closed moiecule in /. That s, it is
of the form H | O, where H is a closed instance of the head of a geaeral defnite <lause
in 5y defining a new predicate and O is a set of closed old atoms.

Example 4.1.2. Let S be the defnite clanse program in Example 3.2.2. Then
H = { {append{| |,t,t}} | ¢ is a ground term } |J
{ {append(fsits],ta,(slta})} | &, t1,22,ts are ground terms } {J
{ {append(ty, ta,"MN)}, append(t,,MN tiza)} | t1,ta, 13, 2125 are ground terms }
and the following closed molecules Go, G2, G4 are all in H.
{append([2],[3),"MN),append({1],"MN [1,2,3]), p([1],[2],[3],2,2],[1,2,2]},appead{{ ],{1],{L]}},
{append([2},[3],TMN),appead(] },"MN, 2,3]), p([ L21,(2],(2,3]) appenc([ ,i11,{1D},
{append{([2],(3],’MN},append(] ],11},[11}}.

The rank ordering is 3 well-founded ordering < on the set of closed moiecules in
M'[Ss)NH. Let F and G be two closed molecules in M'(S)H. F < G is defined
by rank(F) < rank(G).

Example 41.3. Let F and G be
{append([2],[3],’MN),append(| |, TMN,[2,3]}, p({ ],12],[3],[2,3]),appenc(] },[1],11])},
{append(12],[3],"MN),append([1],"MN,[1,2,3]), p([1],(2],13],[1,2,3]},append(] },{1],[1])}.
Then F < G because rank(F) =5 and rank(G)=T.

4.2, RBank-Contistemt Proof

Let §; = §°1¢|J §7¢ be a generai definite clause program and Gy be a cloted molecuie
in M (5)H (0<i<N —1). A proof T of Gp in 5, is said to be rank-consistent when it
satisfies either of the following conditions.

(a) When G consists of only closed old atoms, T is a rank-consistent proof of Gg in 5; if
it is the minimum proof of G¢ in $°'4.

(b) When Go contains just one closed new atom A with its predicate symbol p, let Gg be
of the form Hp |3 O, where Hy it a close instance of the head of Cy in I defining p.
Some definite clause defining the new predicate symbol p must be applied to some closed
molecule H containing A eventually in T. Let Gy be the closed melecule in T of the
form H |# O to which such a definite ciause, say C, is applied first, Ty be the subproof
of T whose root is (G, T2 be the immediate subproof of T; and Ga be its root of the
form B [¢) O. (O is a set of closed old atoms and “H - B” is the closed instance of €
by ¢ used at the root of T ) G; isin M"(5;) because Ty is its proofl in §;. Because
any elosed instance B of the bedy of C isin H, Ga isin H hence Gg isin M (SONH
(except § = N — 1 and cancellations are done at step N —1). Let I' be the sum of all
the counters of defnite ciauses applied to the closed molecules from Gg to Gg except
Gs. T is a rank-consistent proaf of Gg in S, when rank(Go) = rank{Ga) =T, Gg > G2
and T, is a rank-consistent proof of Ga.
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Figure 2. Proof of Go In 5;

Example 4.2. When Sy i the program in Example 3.2.4 before cancellation, let G be
{append([2],[3],MN),append([1],’MN,[1,2,3]), p({1],[2],(3],[1,2,3]),append([ J,{1},{1]}

as before. Then the following sequence is a proof of Gg in Ss.
Go : {append([2,[2],’MN),append([1],"MN,{1,2,3]), p({1],(2],[3],[1,2,3]),append([ },1],[2])}

1 Gz (1]
Gy: {apr;eridt[ﬂ,[ﬁl ,MN},avpend(| ],’MN, [2,3]), p([1],[2],13],[2.2,3]},append([ },[1],[11}}
L TN
Gz : {app;l-‘idilﬂl,[3].-'MN’LaPPendE[ ],IMN',12,3]), p{[ ],12),13],12,30,append(] 1,[1],[1]}}
I Gy gl
Gs : {append((2},13],12,3]),p(] 1.[2},[3],12,3]}, append(] ],[1},[1])}
1 Cg 1]
G4 : {append([2],(3],[2,3]),append(] |,[1],{1])}
1 Ca[if
Gs : {append(] ],13],[3]),append(] },[1],[1])}
L ¢ 1}
Ge : {append([ ],[1},[11)}
i Cy i

It is rank-consistent because
rank{Gg) =7 2> 5 4 2 = rank(Ga) + 2,
rack(Gs) =5 > 3 4+ 2 = rank(G,) 4 2.

4.3. Proof of the Equivalence Preservation Theorem
In this section, we prove the '2!lowing strengthened theorem.

Theorem 4.3. Let S, Sa,..., Sy be the virtual transformation sequence. Then M (Sy)H =
M'(So)NH.

The proof of the theorem has a structure similar to the one by Tamaki and Sato [11]
except the additional invariant I3. It consists of showing that the foilowing invariants hold
for each ¢ (0<+<N).

. M (S)NH =M (S)NE.

12. For each closed molecule G in M (S5,) (7 H, there is a rank-consistent proof of G in 5;.

13. For any closed instance “H - B" of a definite clause in 5;, if B is in M*(5;), all old
atoms in H are in M "{5°'4).

Baie Case :

10



The invariant i1 trivially hoids for ¢ = 0. As for the invariant 2, for any closed molecule
in M"(5;) containing a new atom A, the proof of G is only one using the definition of the
new predicate in D, which is obviousiy rank-consistent. (Remember that Sy = Py (' D and
the counters of the definite clauses in Py D are 1.) The invariant 12 triviaily hoids from
the condition of the definition rule.

Induction Step :
The preservation of the invarianis is proved in the four lemmas below.
Lemma 4.3.1. If the invariants I1 and I3 hoid for §;, then M (5, )NH C M7(5)NF.

Proof. Let Go be a closed molecuie in M (5,51)1H. When G; consists of only closed
old atoms, the lemma is trivial. When &y contains just one ground new atom A with ita
predicate symbol p, let Gy be of the form Hy i) Op, where Hp iz a closed instance of the
head of Cy in D defining p, and T be a proof of Gg in 5;+ ;. We construet a proof T of Gg
in 5; by induction on the structure of T.

Some definite clause defining the new predicate symbel p must be applied to some closed
molecule H containing A eventually in T. Let G be the closed molecule in T of the form H
|4} O to which zuck a definite clause, say C, is applied first, T be the subproof of T whose
reot is Gy, T2 be the immediate subproof of Ty and G3 be its root of the form 3 |4 O. (C
is a set of closed old atoms and *H :- B® is the closed instance of € by ¢ uzed at the root
of T1.) Gz isin M (S5,+1) because T is its proef in Si+:. Because any closed instance B
of the body of Cisin H, G5 isin H, hence Gy isin M (8;51) T (except i = N —1 and
cancellations are done at step ¥ — 1). By induction hypothesis, we can construct a proof
T, of Gz in §; (except i = N — 1 and cancellations are done at step N — 1 again). If C is
in Sy, we can immediately construet T [rom € and the prool T%. Whes C is the resuit of
applying one of the transformation rules to C' in S, we prove the [emma by case analysis.

Gp : Ho 3 0g
!

Gy

=]
e =
oag

Figure 2. Proof of Gy In S,

Suppose C is the result of body-unfolding. Then there is a clozed instance *H - B’ of
C'in §; and some A; in B, 1ay A, i3 a closed instance of the atom in the body of C' to
which the body-unfolding was applied with a definite clause Cunjfora. Let Tj be the sequence
from Gg to Gy, T"z be the two-step sequence from G, to G; with C' and Cunyora, 75 be the
proof of GG in 5; and T be the concatenation of TG, T and T%. Then T' is the proof of Gp
in S;_.

11
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Figure 4. Proof of G in 5; {Case of Body-Unfoiding)

Suppose C is the resuli of head-unfoiding. Then there is a closed instance H -Bof '
in S; and some A; in B, say A, is a closed instance of the atom in the head of C' to which
the head-unfolding was applied with a dednite clause Cynysoig. By the invariant II for i, Gy
is in M"(50) (1 E. Because all bodies of the definite clauses in Sp contain only old atems,
B is in M (So) (1 H by itself and old atoms in O are all in M (S°¢). By the invariant 1
again, B is in M"(S;)\H. By the invariant I3 for 4, all old atoms in #' is in M"(5°'9). By
the condition of head-unfolding, all old atoms in H are in M "(5°*) iff all old atoms in &'
are in M“{$°'9). Hence all old atoms iz G are in M (S°'%). Because all old atoms in Gqg
are reduced to old atoms in G, in the sequence from Gg to Gy, all old atoms in Gy are in
M"(5°%) and Op has a proof Ty in S;. Let T% be the sequence from Hy to H' in which
reductions are applied in the same way as head-unfoldings are applied in derivation of €
from Cg except the head-unfolding from C' to C, T’ be the one-step sequence from H' to B
with €, T, be the proof of B in §; and T’y be the concatination of T, Ty, T. Then Ty,
is a proof of Hy. Let T' be any interleaving of T%_and T, . Then T" is the proof of Gy in
5.

Go : Hy Qg
| ]
!
Gy :d
liley
Gy . B
1

L e e = g n

Figure 5. Proof of Gy In 5; (Case of Head-Unfolding)

Suppose C is the result of foiding. Then there is a closed instance *H :- B" of C" in
S, and some closed atoms in B, say Hg,q, is a0 instance of the atoms in the body of c
introduced by the folding. By the invariant I1, Gz is in M"(Sg)NH. So there should be a
closed instance Hy,g - Byog of some general definite clause in D such that B4 are closed
ald atoms in M (5°'¢). In addition,Gz —Hy.4 are all in M"(5°!¢). Let T}, be the sequence
from Gg to Gy, T', be the one-step sequence from Gy to (Gz — Hya4) & Broig With c', T,
be the proof of (Gz — Hya4) 141 Brog and T be the comcatination of Tg, Ty and T,. Owing

12



to the condition of folding, T” is the proofl of Gy in 5;.

Go: Hyly 0o
l
l
Gi: HIJO
g
Gyt (Ga—Hyaa) | Broia
!

Figure 6. Froof of G in S, (Case of Folding)

Suppoze € iz the result of cancellation. As was noted before, cancellationz in our
transformation process are applied all at cnce at step ¥ — 1. Then there is a closed instance
O, 14 {A} - Oz | Bof C'in Syy—,. Because all definite clause in Sy are explicit, all closed
atems in Gg are provable in Sy independently. Because of the condition of head-unfolding,
there is a proof of closed old atoms in Hp such that reme closed molecule in it is of the form
O;. Hence there is a proof of Hy such that some closed molecule in it is Og |3 {A}. Similariy,
0O, |4 B is provable in Sy by itsell, hence provable in S _; by induction hypothesis. Let
To be the sequence from Hy to O ¢ B in which reductions are applied in the same way as
head-unfoldings are applied in derivation of C from Cg, T be the one-step sequence fram O3
k) {4} to Oz |4 B witk C', T} be the proof of O3 [4) Bin Sy—; and T, be the concatination
of T4, T4 and TY. Then Ty, is a prool of Hy. In addition,O¢ bas a prool T, in Sy—;.
Let T" be any interleaving of T, and Ty, Then T7 is the proof of Gg in Sy—;.

Go : H, 0,
i :

Gi: 0.1 {4)
4t

Ga: 04 B
!

a1 e e e e e 1w

Flgure 7. Proof of Gy In 5; (Case of Cancellation)
Lemma 4.3.2. If the invariants 11 and 12 held far S;, then M (SONHF C M (SN H.

Proof. Let Gg be a closed moiecule in M (5;)(1H. Then by tke invariant 12, there is a
rank-conzistent proof T of Gy in 5;. We construct a proof T' of Gy in §;4, by induction
on the well-founded ordering =

The base case where Gy is provable 1o Sp itsell apd consists of ouly one closed old atom
A obviously holds, because then A should be a closed instance of some unit clause in Fp
which should be in both 5, and 5,5,

As for induction step, wnen &g consists of only closed old atoms, the lemma i3 trivial
Wken G, contains just one ground new atom A with its predicate symbol p, let Gy be of the

13



form Mg |4 Og and T be a proof of Gy in S,, where Hg is a closed instance of the head of Oy
in D defining p. Some definite clause defining p must be applied Lo some ¢losed molecule H
containing A eventually in T. Let & be the closed atom in T of the form H |} O to which
such a deflpite clause, say C, is applied frst and Ty be the subproof of T whose root is &,
(O is a set of closed old atoms and "H :- B” is the closed instance of C used at ihe root of
Ti.) Let Tz be the immediate subproof of Ty and G be its root of the form B4 0. G5 is
in M"(5;) because T3 is its proof in §;. Because any closed instance B of the body of € is
in 7, Gz is in H, hence Gz is in M {5;)NF. By the invariant 12, Gy = G3 holds. So by
the induction hypothesis there iz a proof T", of Gyin S;zy. U Cisin 5;44,the construction
of T is immediate. When C is a defnite caluse to which one of the transformation rules is
applied to result in C" in S;4+;, we prove the lemma by case analysis.

Go : Hp |4 Op
i

G]_:

= =
e EeE
o090

Figure &. Proof of Gy In 5;

Suppose C is body-unfoided into CY,CY,...,C} in 5,4 and assume that some 4; in B,
2ay Ay, is the eclosed instance of the old atom at which C is unfolded. Let O be the ciosed
old atoms to which A, is unfolded and which is a part of the body of a closed instance of
C}. By the invariant I1, G is in M (Sy) . Let G be (G3 — {4,}) ¥} O'. Because the
unfoided atom is not marked “inhibited”, G4 is also in M " (Sg)(H, hence in M (5) " H.
In addition, because Gy > G holds, G is in M®(8;+1)N H by induction hypothesis. Let
TG be the sequence from Gg to G, in T, T, be the cne-step sequence from G; to G with
C'} and T% be the proof of G} in Siy . Concatenating T4, T, and T3, we obtain the proof
T of G.n in 5,;_5_1.

Go - Hp |4 0o
i
!
Gy oo
i
Gl

(Ga—{A}) YO
1

Figure 9. Proof of Gy In S; 43 (Case of Body-Unfolding)

Suppose C is head-unfolded into C' in S;4, and assume that some A, in H, 13y Ay,
is the instance of the atom at which C is head-unfolded by using a definite clanze Cunfaid

14



Let T be the sequence from Go to Gy in T, T} be the two-step sequence from G; to Gz
by using Cyunseid and C' and T} be the proof of G3 in §i41. Concatenating Th, T4, T, we
ohtain the proof T" of Gy in 5o 4.

Go : Ho 14 Og
1
}
Gy : Hi O
l Cuﬂ,l"dld!
B |0
Lct
Gz : Bl4O
i

Figure 10. Proof of Gy in 5, (Case of Head-Unfoiding)

Suppose C is folded into C'" in S;4;. Assume that k closed atoms By,i¢ in Gy is the
closed instance of the felded atoms in C. Let H' be a closed molecule such that Hyppy -
Byaia i a closed instance of the general definite clause in D used in the folding. Let G-
be (Gz —Byaia) |4 Hyora. By definition, rank(Ga) + 12> rank(GL). By the condition (d) of
folding,

rank(Go) > rank(Gs) + v > (rank(Gy)—i) + (n — k) + 7 > rank(G}),
which means Gy 3 G} holds. (Actuaily, we can make the condition (d) much weaker.
See [17].) Moreover, by the invariant 11, G4 is in M (5;)[1H. Therefore by the induction
hypothesis, G4 has a proof T in S;1y. Let Ty be the sequence from Gy to G, in T and
T, be the sequence from Gy to G}, with C'. Concatenating T, T and T with the definite
clanse ' we obiain the proof 7" of Gy in 5,o;.

Gﬂ: HQHDU
1
1

Gy HIHO
ic

Gi: (Ga—Byoa)l Hroa
!
Figure 11. Proof of Gy In 5;+1 (Case of Folding)

Suppose C i3 cancelled to an explicit drfinite clause C'. Then we can reduce Gy to Gy
by using C' itsell. Let Ty be the sequence from Gy to Gy in T, T be the one-step sequence
frem &, to G; with €' and T% be the proof of Gz in M'{S,-_:hl}. Concatenating I, T and
T4 with the definite elause €', we obtain the proof T' of Gy in §;; .

15
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Figure 12. Proof of G In 5i41 (Case of Canceliation)

Lemma 4.2.3. If the invariants 1, 12 and I3 held for 5;, then I2 holds for 8y,

Proof. We first note that in the proof of lemma 4.3.2, T" is constructed in such a way that it
is rank-consistent. Thus every atom in M (S, has a rank-consistent proof in ;4. Because
M'(S;4+1) C M'(S;) by lemma 4.3.3, 12 holds for S;1;.

Lemma 4.3.4. If the invariants I1 and I3 bold for §;, then I3 holds for S;44.

Proof. Let “H :- B" be a closed instance of a definite clause € in Siyq. Suppose B is provable
in S;+3. When C isin 5;, the lemma is obvious [rom the invariant I3 for S;. When C is
the resuit of applying one of the transformation rules to &' in 5;, we prove ihe lemma by
case analyzis. :

Suppose C is the result of body-unfoiding. Then there is a closed instance “H :- B'" of
C'. Then obviously B' is provable in S;+,. Moreover it is provable in 5, from lemma 4.3.1.
By the invariant I2 for S;, old atoms in H are in M (S*9).

Suppase C is the result of head-unfolding. Then there is a closed instance H' - B of
C'. Because of the condition of head-unfolding, all eld atoms in H are in M (S5°) iff all
old atoms in H' are in M (5°'¢). Hence oid atoms in H are all in M"(5°9),

Suppose C is the result of folding. Then there is a closed ins_tancc “H - B'™ of C'.
Because of lemma 4.3.1 and the invariant [1 for 5;, B’ is also in M (5,). By the invariant
13 for 5;, old atoms in H are all in M "(5°'4).

Suppose C is the result of cancellation. As was noted before, cancellations in our
transformation process are applied all at once at step N — 1. Because all definite clauses in
Sy are explicit, there is no old atoms in heada. Heace I3 for N is vacantly true,

This completes the proof of the theorem.
5. Diseussion

Our work stemed from the work by forced folding by Clark and Darlington [2], Darlingion
|3} and {folding driven) goal insertion by Tamaki and Sato [11]. Though our definition style is
superficially similar to expression procedure by Sherlis [9],[10], its uze is completeiy different.

Our proof in Section 4 is limited io two respects,

(a) We assumed that folding is applied at most once to each definite clause defining a
new predicate, hence bodies of each definite clauze coptains at mopst cpe new atom.
This limitation has simpiified the proof drastically. We conjecture that our equivaience
preservation thecrem still holds even if folding is applied more than cnce.

18



(b} We restricted that old atoms, to which bedy-unfelding and feiding are applied, are
not marked *inhibitec”, hence new atoms in the bodies of each definite clause always
appear as an instance of the head of a definite clause in D). We can easily coin 3 counter
example in which 5; and ;- are not equivaient if this condition is not observed. But,
we copjecture that our equivalence preservation theorem still holds even if *inhibited”
marks are ignored acd the equivaience might be lost on the way 54, 53,..., Sy—;.

8. Conelusions

We have presented a method to derive Prelog programs from implicit specifications.
This method is being used in Argus/C, a system for construction of Prolog programs under
develepment [5],/8).
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