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Structural Analysis of Constraint Graph by Means of Sparse Orthogonal Factorization

and Its Application for Efficient Algebraic Constraint Selver
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Abstract: This paper deals with the structural analysis of constraint graph by means of sparse orthogonal
factorization and its application for an efficient constraint solver. We introduce 2 graph-theoretic approach
to improve the efficiency of constraint processing by analyzing and using an algebraic structure of constraint
representation. We describe constraints in terms of the graphical representation and represent constraint set
as the structure of a matrix with a bipartite graph. First, we describe a structural decomposition method
of constraint graph, DM decomposition, so that a block upper triangular matrix can be correctly computed
by canonical reordering of a matrix which represents the constraint graph. Next, we consider to improve
an efficiency of constraint solver, through the structural analysis of the constraint graph, which decomposes
this graph into subgraphs and checks their structural solvability. In particular, we give a brief explanation
of the improvement of an algebraic constraint solver, based on Buchberber algorithm, of the constraint logic

programming language, CAL.
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£1{x2,x5)=0.
f2(x2,%5,x7)=0.
f3(x3,x6,x7)=0.
f4{x1,x7T}=0,
15(x3,x5,x8)=0.
f6(x1,x4,x7)=0.
7 (x6,%x8)=0.
f8({x1,x4)=0.
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1 procedure DM _decomposition{Grinput, GJ:uulan, el output)
2 begin

3 find maximum.-matching(G, M);

4 makeauxiliary graph(G, M, Gur);

5 induce.auxiliary_graph_and_handle_two _tails{ G, G']:

6 find.strongly connected component(G, G );

7 permutesubgraph.me rggl:G":I‘,

&  end;
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3.3.3 GECHTIAA—ARFIRBEFEOERELUCAL $4 v 21 Av st LN REYHEL, %

EL3XERIZOVT

EREHNS LA SFAE 2 e LT, CAL of R M
ERoDE{EFETEAL KEMIMFERCH LT, &
PoEEEL UV EENOBEREHELAT 07 5
LRLTFERT. co7eyP?LichHAA—AFRNET
EYAWATERODEO LMEX kb 3.

pre(z3, 100),
pre(xs, 100),
pre(x8, 100),
pre(x2, 29,
pra(xs, 99),
pre{xi,98),
pre(x4,98),
pra{xT, 98).

B 10: 2088 pre k£ k 38R0 RIBEFEOEE

}m

b

}g.

£1(12,25): 2+ X22 $ X5 = 2.
£2(12,35,17) : —x2 + X2 1 x7 = 1.
£3(X3,X6,X7) : —X3 4+ X6 + 20 177 = 4.
2421, X7): X1 + XT =3,
15(X3,%5,18) : —X3% + 24 X5 + X8 = 2.
£6(X1, 24, X7} : —x1? p a4 +3X7 =1,
£7(%6,%8): —X6 + 187 = 2.

18(%1,%4)  —X1 4+ X4 = 4.

p= 24X, 17),
16(X1, X4, X7),
18(x1, X4),
£1(x2, 15),
12(X2,X5,X7),
£3(X3, X6, X7),
£5(X3, 15, X8),
£7(X6, 18).
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HIG) HETEH, Kic11(x2,X5), £2(X2,15,X7) (#B5
B G,y icfiS) HEfTE h, B £3(X3,16,27),
£5(X3,X5,18), 17(X8,X8) (MAME G, KHIE) BT
Ehd HETSFo—XRMUEEshasc ik by
DR S bh, WBFERGSA -7 VA2 vcfling
B I BMEHERRS 2 Y Aviakiiibhi
MM Co = (X1 +XT=3, K17 + X4 +3+2X7 = 1,
X424 =4) (Ga KHE) b7 +HEETHEL &
EME GBy={XT=3~-%1,%X4=4—1X1,

11% = 1244 e 21} BEDE.

Lo LTRLLAARESSICHE LT, Si8E

Cy={2+%22 4 X5 = 2,12 + X52 4 XT = 1} (G5 KCHEE)

ICAL #— e ¥ L4 TH. SROBERIT M 32768 L o ofda
KINHEESHhE,

EMS GB; ={x22 = 1-1/2+15, 252 = 1 — X7 — 12}
LR 5.

B, SFERALSEITERLOAARERS CBU
GBy={XT=3-X1,%4=4-X1,X1° = =124 4« X1}U
(x22 =1 —1/2+%5,X5% = 1 - X7 — X2} I LT, Bi#Y
WEC, = {X3+16+2+X7° =4, X324 245+ X8 =2,
X6+18% =2} (G KHIS) k4 » 2V AvsnEmidC
ElXy, YL7/rEETHAL, EERS
GBy={X6=4—2+X77 —%3,23%9 = 2 -2+ X5 — 18,
383 = —242+X73 413} k5. BHOCHED 120k
5 ARERS CB B bh 5.

x4 =4 - x1.

xT=3=xl.

x1? = —12 + 4 x1.
:22‘:1«—!!2‘:5.
151--‘2+:I—:'2.
IEI—?1+52lII—IBtI1?'—IB.
132 = 2 =2 x3=xB.

x8° =76 - 625 x1 + 18 ¢ x12 4 x3.
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4.1.1 #EHHOEBET

HEMPLESE L LABSH, AMEETRIKED T -
v b 2] Ak FETOEBECOEMSE NI R
Fe. A, MEIEMEIZOFE ] OBREERLTED,
M#EIEHNOH L THOEFME? LS L, BHER

HIERCERLESBEI L L ELETHE.
[warLrmm lawEmm | aw@ & |
FRRE 1 (6 MOFY, & ) B4 m
e 2 (S0 1, B B, & ) 6 51
1IN 3 (8 BEY. B 30D TES 688
MR 4 (17 B, 19 5 215 185
FEl S (20 eEY, 21 &) 318 178
REE S (15 8089, 19 W8 244 227
O 7 (20 Mk 20 SN an? 288

B BRENNTEEE LA (8 frmeec)

4.1.2 FRERHOERESR

RN HS E LRSS KR, FoERRELLA
ANECERT S, #2I10BSCowWTHRE I OE
ARl CFEAL IS CARSMip i (UBIhTy
b, EzhR{LFEOFDESTEREEWLE. FlLH,
EE ] Be 3.2, ofiEH?2 Rt TLTED, $HoED
AERNEONENLEATWS. T 0BESoRTHEWNE
HEBoFSEoEEEHFEL U cHE 11 ofitho FREmnmsF
KBTI MEL YA BL, MEY 20T,
 H¥r 7 oMBRE LT LAKRE S92 708

TEEwv, Fhbbas—alifcitid, ERERrY
ZoRTEL colshBscREFHECL-ThT:
LRSS kb oA T bR E

* i, AFHECEDT LMY T 7 OMSRETIC WL,
EROXNEHROLTERLT, WESHEEFC EW, &
HOCRHPOFEEFL e ERoBENT F e T
B, ERoSNCMLTIERLcHEEd s 25T
Ly #oT, METRIUCMEBS RO A ATH
OEECETAEEVERE L THER{EFET R L AR
E2WTRLTED (I offlk 2), AW ciEphEsi
BEhko by, kit (MO 21,
EWOR, BRXET) T, E2FEEAvEwChiioT
EELC s 2T bR AR ok (o0
KXV BbbT)H, KFEECL hEBcRIRSZC LY
TEk.

CHEZLZME : [l | BT | AT )
1 Wi E . B ] £10 3 -
1 T T 8RN 19 RE) 618 264 -
3 T KT 8554 1718 =
4 T, 21 J. 21 470354 £314 =
5 7. 21 #lFy, 21 1] | LoETERI 284 -
SIEH 6 7, 12 BF,_ 10 ] FETEEL 1327 -
T(BSENE ] ABRT TAEA] 5T
[] D , 21 J] ) =) FEET]
] L 11 kg, 11 Y 1633 2542 =

2o FREMPEHS L LA MEER (B maee)

4.2 Buchberger 7T Y X L & TOTHE(LIZ
M 5EE
4.2.1 Buchberger FA T UL

ETrRHMSENEIE CAL oftEs#yHERcE b A
RohTwaSELA FTADY L7 +EEL KD S Buch-
berger T A=) X LKW THRT[14,16,17)

{13 I Buchberger T4 3 ) XL OEEANRET 5 Y
ALgiFt. ANTHIHEMSE £ 2 SEADFHBE F=
{f‘r'-'iff‘}l mﬁfﬁﬁEEFEIﬂfEﬁihﬁd?
Tan¥L7HEEGF) 15

¥, F — FR — 02335 Eoi<ToEXKC
2T, HARE R ettt #c 2w, HAIME
R¥¥EH3 5 (H 15 o Reducedll). FoER06E160
NewBasis Lo T LWEETRDHE. FogdrhheE
WEHL EWIEOERNOEL ST {f1, 2} BT ~T
Ry, TOREL B LT3,

xi, BB rLEROD ESOEE (1. L) ERVE
L, S-&R/=Xh £RH, Bdb {fy, [o) ¥ BETS. 2
b, EKM+shoFEEsmh $88+3. WL, b =
0CkBRE, FAk<T {{s,h'}|g€C)% B4,
ol ERCh TINi, EofATtoBERCoW~T, #HH
WE REBAWCHB sz A, EEXEFTE o
IHREEY FoERMKE(EAZETHEIET. BT
EH#REFROIERETATI I LY, BISKRS- &
HE AL ETAST N LR TN Fhit.

E«~ F;
R~u0
Reduce All{E, R);
NewBasis{ E, R);
Be{{ffA)IN.€E N # )
while 5 ¢ 0 do
choose a pair {f1, f2} € B;
B—8={fi.ri};
h o SPolynemizl{fi, f+);
- NormalForm({h, £ v R);
if A # 0 then
B—Bu{leh)|e€E)
R—Ru{n');
ReduceAll( E, R);
NewBasis( £, R);
endif
endwhila
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[213: Buchberger 7 A=) x4 o MLETS

4.2.2 RS ERODEECHNTIREARS LUS
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i, EEED Buchberger T4~ AL lcES i ol
AR OBRIEKC D WTERT 3. Buchberger 72
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CALTH, EfcHLTEEriEETI oL LD,
XOFHC L - T WEMOEFLERET 5 (17)

1 pre BBC s THEL GHABRELET T, B
DR > LRO 5.

2, mHLLARNENOSEFMEEC L A>T, BHY
EEOEELEAEFwLOhbETE~<S, FA—-F{T 3.

3 Fa—FiEEhiABEELERL, BAOERLEUH
Mpn ohHFETLALH, BHEYS LE2XHNT
(total-degree) MIFFTHETS. 4L, HLERHE
hibioBErBIR-TTEIMERHLTE
RoME BIEL, Fhbhh—HHEKEs ks d
H, ZrhwEsoBMAETETE.

Buchberger TA = X LR T Dk § KRS bk BIAM
OEFICESE, i bt HEsoBETH 3% (§H
#) oRAHEL thilloSHEL~EEfRi T L
rh, YLY+XELEHE. pre BEFAWEC LKL
b, MEOFEROE R B FHT L. RO R
\Hera.

By roMEREERETL, BT cif@cXos
WTHIBIMOEFEMREL RS, CORFMFENENLLD
SCpBEWEERLCY DEY (ER) BXEHREEIADI LS

K, SHOoWIRABWERES 5. 13 CAEHRS Buch-

berger T ATV XL W TH, 3If7E® ReduceAll, 4
fTB @ NewBasis, £ b 9 {78 @ SPolynomial # 10 7H
@ NormalForm e Lce ok s ag@{rprr kbt
WhHrELLRD tToRE HMEERcH LT
AFFITFEEEAL, S$EOSEHBHORERL HEHRTE
5.

[$REEND2 U F 1 HhATORERRT20F]

e BERENZZVF 4 HALT (1,1} OBRT A=Y
AL DR CHERCREEL 5L 5.

s MEBRLI YT 4 AT (fi, ) BRI
FRTAaslLaodttc B8 L 54 2.

s ROLRLEERS VF4hAThe 5-SHATYE
Ry zHFcERE+T .

B 13 @ Buchberger T A= XA 5FETH, n o
BEROSIMS EokdrrbTvwEE L 2w 2E0EE
BhELAT {fi.f2) ¥ ERITIMS B ERHTED,
FOEENH .Ca=n(n-1)/2 T35 6§ TE> L 16T
ETHFoBENE{ELET, BhbrIF4haT
YTRIRL, chibS-SHEAL R, TheHOBRL
KLoTsS SHAOMENELERVIEST CoBFTRs Y
F4hAaLToRRBESEMCHY, B oBEENARIC
o cOREEED I E A bh s, LikdioT, TOEITH
HHKMET S ADER, EXEAZ SV F A HATD
BT AN PELTEICLALETHE.

bhbhdMir? rolBHMc Ll -T, Fibhik
FEE WIS IEL, Sl 3FEmRoL 24 v
PV AvR2)F4 s8R A-C, SOMEC LY
LT FEELHEL, R cekofLEERDINE Y

JCAL oiBoNFIEATH, HROEXENC D BRDESEL
BAERS, LokEMHFENAAIRFE, BNALMOTHREC,
PEETKRSBRLANNOEEBESELTMERDBTWE. Chil
PITERO L2 »2 V 2 p 0 F s v EREWS T EET R

BRLA chkld), £F2RI 71 FLhaToH
WEEI<{OHFL, SESLBBHTRC LI LELDL
na.

RriH, BTEREhEFAEIEELTAEE, HH
DN B(n=8) THLAN, LEENRLIIVF4HATD
BHC; =B(B=1)/2=28TCaE —F BELADE(
FETHESRECLCEEERE IV F oo TOl
HEATME G T aCa=3(3-1)/2=3, Gy TH sCy =
A2-1)/2=1, G TRsC:=3(3-1)/2=3 £%5. L
kti=sT, BEMEMOAL ¥ 25 7 v a v (KHOLN) &
pEohnl, BoRECEcERE RS 7 )T AAST
ol (RHET) LT, 2K ¥F225avDd
EEgOr ) FyNATOHREERTRHE IV EC
O, RfEoaC: =88 = 1)/ =2 mBstHELT,
toMERbE s C LB TES.

[BFTSFERDA »2 Y X 25 UF 4]
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AR H L TEAGRANPNERELTCWEA Y 54
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ICitig F ke SLD- BHOBEE T
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« Ay BHEHD RE X D EREIARETATH S,
* Cigy = CuCu {B = G;} 50 (solvable) 26, G
RG £ Dgy e
el . PTR PR » T Dai AvgyocecAmi i Wi
ERET 5. )
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HEME E ot ~ToBRcH LT, SH0S R efwcmiiEE:
Chw, BERAENLLCARNENSS R BN 3.

ReduceAll(E, R);
1 while E £ 0do

choose an element & £ E;
- {h};
h — NormalFormih, E U R);
ifhg0then
R~ Ru (A}
endif
endwhile

L B - T TR S F Y

Bl ELoMBETy=1 X4
[EEoEE]
ANTHIGAME E & ReduceAll K pnTROLAARNSS R &
Het, FLrEERSERAE,

NewBasis[ E, R);
E—EuR
H—E;
K o—0;
while i # 0 da
choose an element h €
H .+~ H-{k}h
k = NormalForm(h, B = {h});
K — Ku{k)
endwhile
E~K;

W Om - o A L R e
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E16 EECWHT ATy XL
[Emi]

EfIETAT T XLREHL g 0 L U S ime
F= {flw-ufn}”.’.bh-’:b!. Fﬂmbﬁ’-‘lm*ﬁ“fﬂ
EWEML CASERCEIIoMPNET@bEL, ESERDETm0
5. !

MaermalForm(g, F);
1 o=
2 e 0
a while exist f € F such that BB (leading power product) of ;
divides I (power praduct) p in g
4 gig1 —gpi—bou-f;
5 =i+ 1;
where b iSO p THEE [/ CEARFOERCRE LR
u= pf SHH [ OEAHE
) endwhile

BEIT: EEET A~ 8

[5- W)

EET A=) ZLCH, SELMEF = (/1. H)oEXTessn
AOSERA g OTA L VKW T AL X pmbEsTe R
W, EOMREL LT, SESESOEMTEENL, FUET A2
LAEWETEC EHRE k. COSREY SIS b J'zﬂﬁ-m
EMLE, ERULTREL HhE.

SPolynemial(f;, f1)
i wy - fi = (o1 fea) - vz - fas
where ¢, = SH [, 0Bk RN OER,
u; 14 giich that a; - u; = 51 & #3 OBPDER

“ﬂ P
4 = SUX Ji ORAM (i=1,2)

18 & SEtoRe
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