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Generally, the idempotent maost general unifier is used
for expressing the constraints of unification [Eder 53], A
more general syntaclic ohject is the system of equations,
that is, 2 set of equations of the form { = t’ where { and
t" are trees.

However, the advantages of the svstems of equations
are first the memory size, secondly the efficency of the
unification algorithm, and also that within the context
of termination and complexity, the behaviour of resolu-
tion can be understood better throngh the constraints
between the variables than from the final susbtitution of
these variables.

The reduced systems of equations intraduced by
{Colmerauer 84 express this feeling and this is strongly
linked with the representative notion introduced by [Huet
1976] and the directed acyclic graph and the directed
graph are based on the same idea: the common infor-
mations are shared [Fages 83]. Similarly, within back-
tracting intelligent, an important aspect is to express the
dependancy graph of variables,

The goal of this paper is to show that the shortest
expression of a reduced sysiem can be used to express
as elearly as possible the constraints generated by a sys-
tem of equations, however also to understand the conver-
gent, invariant or periodic phenomenons for some recur-
sive Prolog programs.

2 Preliminari

A system of eguations is said to be solvable if there
exists a grounding substitution, &, which makes t and t'
ground and equal for all equations, ¢ =t of the system.
Twe systems, El and E2, are said to be equivalent, if
they have the same grounding substitutions.

Definition 1 ([ Colmerauer 84 } An endless spstem
is & syslem of equations in which every variable which
cccurs ¢f @ righ! hand side of an equadion also ooccurs as
the left hand side of an equation.

Definition 2 [ Colmeraver 84 ) 4 system of equa-
tions 15 seid fo be reduced 1'f the Iz_f! hand sides r:r_lr ils
equalttons are distinet vardables, end ¢ does nal contatn
an endless subsystem.
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Let t be a tree, E be & system of equations and rs be
a reduced system, we will denote:
. faizelt or E) = Number of its funclion eceurrénces
. depth{z) = | when x is & veriable or a constant
depth{f(ty, - ta)) = 1+ maz{depth(ts))
. domainirs) 15 the set of variables accurring in the left
]'IEL'I'Id Eii'dE L'!1I s,

Reduction algorithm
The first stage :

flty, - te) = flt,- 1t:.] replace by #y = 8], f, =1,
flti, - ta) = git},~,1,) halt with failure

U = U delete the equation
= U (1 & Var) replace by If = ¢
U=V replace UJ by V in every
{V #1010 other equation.
U=t U0=r¢ replace (U =t") by (L = t")

{depth(t } < depth(t'])

The second stage is: there is no endless subsystem.

Theorem 1 The reduction algorithm applied to a set of
equations E will refurn an equivalent set of equations in
reduced form if and only if E i solvable. [t will return
Sfadlure otherwise.

In the [Lassez, Maher, Marriott] algorithm which de-
fines the most general unifier of a system, the two last
transformations are replaced by the following one:

U=t it {f €1 then halt with failure, otherwise
(ts£ 1) replace U by { in every other equation.

Theorem 2 Any reduced system of equations is solnable
and its idempotent mos! general unifier can be defined
through the function, representative:

repr| -ﬂ:rh"'stn}} = fireprity), -, reprt. ]}
repr(U) = repr(t) if (U = 1) € re
reprill} = U7 otherwise, :

A most general unifier of the reduced system, rs, ia:
{U «repr{l7) / ¥ U € dornain(rs) }.

3 Strongly reduced systems
Lo some cases, it is quite important to express the most
clearly as possible the constraints between the variables.




Definition 3 4 reduced system, v, 18 saad to be strongly
reduced if:

P =, (V=1 ers, if ' § Ver then ' is not a
sub-tree of L

WD = V) & rs, the variable U does nold occur in the
afher equations

Etrnng reduction algur]th:n
Uv=¥
(U#V)

(U =1), (V=1
(t.t' g Var)

replace U by V in the

other egquations,

if ¢ £ ¢, then replace t' by V
Vin t

Thearem 3 The sirong reduction algorithm applied to o
reduced syslem of equaitons, rs, refurns an equivalent set
of equations m strongly reduced form.

Hence, any system of equations has a strongly reduced
form iff it 15 solvable,

Definition 4 Let ¢ be o susbiftution and 5 be a sysiem
ﬂ‘,lr tquuh'un.s, then we wrile c.rl::s] the system, £, where all
the terms § are been replaced by 2().

Definition & A susbtitution, o, iz saud Lo be will respect
te @ congruence, R, if any dinding of 7 is in the (I ~ V)
_fclr'm where [Fand V oare :quf;rafcft! in 8.

Definition 6 R,., & the congruence on the variebles de-
_ﬁﬂcd jrq:nm the r:.;ruﬂn.r:ﬁcs ﬂf variables (U = V‘]' in the
.:i:'ungfy reduced syelem, sra.

Theoremn 4 Lef srs ke a strongly reduced system and &
be & most general unifier of E, then two variables, U and
¥V, are equivalent in Ry, if o[U) = a(V).

This means that all the constraints of equality between
the variables are cxplicit in the strongly reduced system,
and all the :quiva_ltnt 5I:rnn5'|}' reduced systems have the
same congruence.

Theorem 5 Two strongly reduced sysiems, srs, and
sraq, are equivalent ifF fhey have the same congruence,
B and they are squal with a reneming susbtitution with
rr:.ﬂir.'lr':c.f Lir ?R

Corollary 1 Let s be o solvable system and srs be s
strongly reduced form, then: fsize[srs) € fsize(s)

Therefore, the strongly reduced form is the shortest
expression of a solvable system of equations.

Theorem § An eguivelent definition of the strongly re-
duced systems 15 @ congruence, &, in Vor and @ mopping
function from Var /R te M{F, V)[R, that is, the set of
finile trees module of R.

Within this definition, there is one and only one strongly
reduced form of any solvable system of equnt'mna.

To show some invanant phenomenons during the res-
olution, an interesting notion is the orthogonal system.

Definition 7 Two systems of equations, £y and £, are
said fo be orthogonal if there exis! fwo reduced spslems,
rs, and rsy, respeclively equivaleni to B, and Fy such
that the union of rs; and rsg 5 also reduced.

Intuitively, two systems are orthogonal if their union
does not produce others informations about the free vari-
ables, that is, all the informations were already explicitly
writlen in one of these systems. However, generally, the
reduced systems which verify the orthogenal condition
are not strongly redueed.

Theorem T Twe systems, £y and Es, are orthogonal,
iff there exist strongly reduced systems, srs; and srag,
respectively equivalent to By and Ey such that B U By is
equivalent to srs; & sTsy:

riy Eorsy =rs U (Det)erssf Bl =t €18}

Theorem 8 Let £, end B be two non orthogonal sys-
tems, pad srs be the .¢tmugf'_r; reduced _fr:rr'm ﬂf Ey L E,,
then

feize(ars) « fsize(E))+ fatze(Eq)

If some new informatione are produced from the union
of rsry and srsg, then at least one redundansy appears
in this union. In others words, the merease of domain is
strongly linked with the decrease of the faize of system.

Using the new notions and the weightad graph prop-
erties, it is possible to prove the convergence about some
recursive Prolog programs.

Theorem 8 Let 7y be o Prolog program composed of lin-
ear facts and one clouse where the body has only one lit-
teral, then for any linear goal, the holting problem and the
ezistence of solufions is decideble and their complesilies
arc fincar functions from the goal depth.

Mareover, let gy be a Prolog program composed of facts
and one clause with one recursive litteral and one fact lit-
teral in the body part, then for this slightly more compiex
structure, the existence of solutions is undecidable,
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