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ABSTRACT

some experiments on EKL are prezented, EKL is an interactive proof checker
developrd at Stanford University to formalize mathematical provfs. The Symbolics version
of EKL was ported to Common Lisp by the authors, and under the ported version, some
proofs on linear algebra, quick sort algorithm, synthetic differential geomelry, non-
standard analysis have bean made.

L. Introduction

ECKL 1s an interactive proof checker developed by Jussi Ketonen and Joseph 5.
Weening of Stanford University with the intent of formalizing pruofs in mathematics
|Ketonen & Weening 54, 84a). The most characleristic feature of EKL is its higher order
language and rewriter. lsing the higher order language, one can easily eXpress various
notions in mathematics. The rewriter of EKL is a very powerful and natural proof
procedure; most of the lines in the FKL proofs are usually performed by the rewriter.
Originally, EKL was developed in MacLisp on TOPS-20 and later ported 1o Zetalisp on
Symbolics 3600 by the developers themselves.

We pgot the source of both versions of EEKL from Ketonen through Prof. Sato of the
University of Tokyvo, who visited Stanford from July to December 1984, and ported the
Symbolics version of FKL 1o Kyoto Comman Lisp {a Common Lisp implementation
developed at our institute} running on ECLIPSE/MV of out institute. On porting the
Symbolies version to Kyoto Common Lisp. the symbols representicd by the special

characters of Symbolics were replaced by those of the MacLisp version (# was replaced by
I= ) :

The original source of FKL amounts to about ten thousand lines of code; after ported
to Kyolo Copumon Lisp and compiled, the system oceupies sboul 3.8 mega bytles of memary
{including the LISP system ).

The {irst experiment is the proof.of the associativity of matrix product. It is done as
a preliminary experinent for the CAP (Computer Aided Proof) Froject [Furukawa & Yokoi
84] of the 1COT Working Group 5, in which a proof checker of linear algebra at
undergraduate level is being constructed. The second experiment is the verification of the
quick sort algorithm on lists. The first one mainly concerns with the manipulation of
equations, while the second one does many case analyses and applies induction schemata



from time to time; the [irst one 18 a proof in mathematics, while the second one is a
carrectness prool of a program. We think that these two experiments completely different
it nature cxpose the features of EKL from many respects.

Tn the last section, some small experiments related to analysis (synthetic differential
geometry and non-standard analysis ) are presented, in which some of the readers will have
much interest.

2. Comments and Bugs

EKL would be one of the besl existing proof checkers as far as we know. [t has,
hewever, wo advanced devices like heuristics of Boyer-Moore theorem prover or tactics of
Edinburgh LCF. EKL has a decision procedure DERIVE for a subtheory of predicate logie,
but it was not so useful to generate proof lines in our experiments. {Indeed, in the
experiment in Chapter 3, it was used only as the rule of introduction of universal
guantifier.) Nontheless, EKL does very well its task, proof generations in mathematical
theories, by ihe aid of its higher order language and rewriter. But we [ound some
shorthands and bugs in the current versions of EKL, which we will present below,

Al When the term PREDICATF in an option (SORT PREDICATE) of & rewriter is a lambda-
term, then the rewriter does not work.

B) When DERIVE fails EKL does not return enough messages about it. So the user cannot
realize why it failed. For example, DERIVE tells you nothing except its failure, when you

iry Lo mntroduce a universal quantifier and there are some free variables in assumptions.

C) If the user carelessly declare types of terms or associativity of operators, then the
theory might be contradictory. See the following example:

b, tdefine dream 'all x.dreami{x} iff not & = x! nil)
do Adecl unicorn (syniype constant) {(sort idream!))
I, dderive tdreandunicorndl &% mil)

4. lrw 3 (open dream!?}
false

This kind of contradiction is inevitable, but FKL should be more careful about
declarations.

[} Type polymorphism is practically net available. EKL has variable type. But it doas not
work properly.



E} EKL does not have the feature ol bounded bindop like summation and bounded
guantifies. By bounded bindop, we mean the following constructor:

BOUNDED_BINDOF TDENTIFIER ... IDENTIFIER . TCRM, TERM

where the first 1£RM is not in the scope of the bound variables. Lacking this featlure. we
were forced to use lambda-notation in the definition of summation in Chapter 3. If EKL
had had this feature, the proofs about summation would lhave been much more natural than
the current proofs,
F) Most DKL commands deriving lines do a lot of things at 4 time. This is the reason why
proofs in EKL are short, and it is one of the most remarkable features of EEL. Nontheless,
we sometimes wished to do only one step of inference at a time, since EKL did too much
more than we wished. For example, ] commuand does unnecessary rewriting. Assume you
have proved

A= B = CLAT = D,
If wou discharge & = B by C1, then resulting line consists

4 =B imp CLBY = D
instead of the desived line

= B amp CLAY = 1,
whenever & is simpler than a.

i) Introduction of universal quantifier of higher type fails. Sce the following example:

I, Tassume tall f i,ptfCi)iiy
vdeps: (0

2, tderive ip(feidrl =3
videpsl (1)

Joodderive tall P oa.plidiry) %)
Votailed to derive all T i,p(fd0))

This bug appeared in both of the Symbolics 3600 version and the TOP5-20 version.

H) NERIVE Taled to derive an arbitrary formula from a line consisting false. See the
following sessions:

Iy tassume [falsei)
rdeps: (1)



2. (derive ip! =}
foiled to derive p

2. itderive [lalse imp pl)l

d. (derive ipy (1 %))
vdepss (1)

I} The rewriter of the Symbolics 3600 version has the following bug:

. idec! times (t1ype !laround.ground.{ground®)}:ground! )
Csyniype constant) (infixname *) (associativity both)
(bindingpower 93512

2o o taxiom tall o nom.nEm = mERL )

Gl

(trw

‘lampda J0 d1 d2.0 lambda @ k. suml j0.lambde j.d100, j0sd20 .k 00!
fuse 2]
ibambda jO 41 d2.Clambda @ k.sumd jO. lambda j.di{i. J1*%d2¢ i, k000 =
sUlambda jO dl d2.0 lambda | k.osumd j0. lambda a2 . kiy2diiijrin)

Note that the last rewriting should not do anything, since dl is simpler than d2. This bug
does not appear in the TOPS-20 version,

4. Matrix

3.1. Data structure

This chapter presents the prool of the associativity of matrix product. We carried

oul the proof from the scratch. In fact, we used only properties of natural numbers and
scalars as axioms. As noled in Chapter 2, we could not use bounded bindop to formulate
summation, 50 it is represented as a function with two arguments sumin.f), where n is a
natural number and f is a function from natural number to scalar as follows:

{dec! series (ayntype conslant) (tvpe !ilground:ground?:truthval! 1}

tdefine series |seriesslambda ff. all i,scalar(ff(ill)

tdecl sum {synlype constant) (type J(ground.!groundiground)):ground! )}

tdec!l (f g h) (type iground:ground!? {(sort !series!)})



idefax sum
vall ff.lzumil,. ffi=zszeral &
all i tf.isumti o ffd=0fi0a™) ++ suméi.ffap000,

A matrix |5 repreSents as a triple <{column.row.mlbody?, where column and row are
natural numbers and mtbody is a funetion such that

all m n.imthodydm.n}t is a scalar)
albl m nofealumn < m or row < n imp mthodvim.nl=0),

3.2, Flles

The proof consists of the following three files.

Ny TNUM,. LSP

axioms and theorems on natural numbers by Ketonen
SuM.E 5P

axioms on scalars and theorems on summation
MAT.LSP

the proof of associativity

4. Quick Sort
4.l. Type and Sorts

since EKL does not allow induetive definition of a domain, the set of lists, on which
the quick sort algorithm operates, is represented by sort 1ist of type around:truthval.
element, the set of elements of lists, is also a sort of type ground: truthval and is not

specified explicitly: ie. it may be replaced by any sort on which the total order is defined.

The total order on element is realized by the binary predicate leg and its properties
expressed os axioms such as the one helow.

taxiom “all a b.legla.b) or legib.a1")
{iabel 1o0talorder)

Lists are thought to be constructed by constructors ku and cons.

tdec! ku (lvpe ground! (syntype constant) (surt list))
tdecl cons (type “(ground.ground}iground” ) (synivpe constant )]

ku is the empty List (ku means empty in Japanese). cons, given an element and a list,
returns another list; this is expressed by the following axiom.



faxion "all a x.list{cons{a.x3)"}

Note that @ oas a varable of type element and » is a variable of type |ist,

element and |ist are the only sorts in the proof; we do not use natoum or any
other sarts. It means that the result of the proof is weak in some sense: see Section 4 of

this chapter.
1.2, Induction

Since we do not use natnum, the induction used in the proof are all on lists. The
simple induetion scliema on lisls is given as an axiom.

taxiom "all p.iplku) & all a x.pix] imp piconsia.x)d} imp
all x,plx}™}

The course-of-values induction schema, which we call shorter induction (labeled with
sharterind ), is expressed in terms of a binary predicate shorter,

all poialy wotall y.shorterd{v,x) imp ptv)) imp pi{x}) imp
ali x.pix)

shorterix.y) means that list x is strictly shorter than list y; shorter is defined as
fallows,
{defax shorter “all x y.shorteri{x.v)} iff
¥ = ku & v !'= ku or
X 1= ku & v = ko &

shorteritailtxYstailivii™d

The walidity of the course-vf-values induction schema is proved by the simple induction
schemi.

4.3, Function Definition

The functions realizing the quick sort algorithm, ie. gsort, parti, partr, and
append, are all defined by an equation with the EEL DEFAY form.

The fact that a function terminates with some input value is interpreted by the fact
that the value of the [unction lies in |ist: e.g. the totality of gsort is expressed by the
following lormula.

ghl x,.listigsortix))

The partition is realized by two functions partl {partition left) and partr { partition



right ): if we define the partilion as a function returning two wvalues, the proof will be full
uf prejections extracting the result of the partition.

1.1. What has been Proved
The main theorems of the proof are:

all x a.memberia.gsort{x1) imp member{a.x}
all w a.member{a.x) imp memberia.gsortixz))
all x.surtedigasoriix))

The first two say that each element in the inpul list is an element of the sorted list and
vice versa. They do not include the notion of occurrence of an element in a list. If,
however, we define the vecurrence of an element in a list by a lunction, say occ, whose
value will be a natural number, and prove the appropriate properties of occe, then the
proof can be easily extended to include the desired properties of oce and gsort;
especially, the pattern of the induction will be completely identical,

The third theorem is what we wanted most., The function soricd is defined az follows,

tdotay sorted
"all x.sortedix) jff
(x = ku ar
¥ 1= ku B taillxl = ku ur
X ' oku B tailix) !'= Ku &
leglheadix b, head{tai [{x1)y &
sOrtedd tar [ {xrid™ )

4.5, Rawriter

We do not use the label simpinfo. Instead, the [undamental axioms {or lemmas) on
lists are labeled with 1istinfo, and in most of rewriting, we use the rewriter (use
listinftal,

4.6. Files
The proof consists of the following files, which will be listed in the order below.

Q50R1.LSP

bazic definitions
SHORTFR _LEMMAS,LSP

lemmas on shorter
SHORTERIND.LSP

proof of shorter induction



MEMBER _APPEND_LEMMA. LSF

lemma on member and append
SORTED_MEMBER _APPEMD,LSP

lemma on sorted, member and append
FARTITION_LEMMAS, LSP

lemmas on partition
MACROS.LSP

some macros wsed below
US0RT_I5_TOTAaL.LSP

proof of totalily of gsort
USORT_SORTS.LSP

main theorems

5. Mizcellanecus Experiments
i.1. Rules on Derivatives in Synthetic Differential Geometry

synthetic differential geometry (SDG) is one of the target theories of CAP
project. EKL is not really suitable for SD4G, since SDG uses intuitionistic logic. But this
does not affect the following experiment. For the detail of SDG, see [Kock 81). The proofs
15 m DIFF, LS,
4.7 Non-standard Analysis

Hollantyne and Bledsoe have proved the theorem that any continuous function on
a compact set is uniformly continuous on it by their stand-alone theorem prover based on
nen-standard analysis [ef. Ballantyne & Bledsoe 77]. We proved the same theorem by the
same method in EKL. The proof is in BR.LSP,
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SUDD:EKL:PRF :NATHUM, LSP 23-FEB-B% 14:16:13

{wipc=out)
fproof natnum)

fdec! lessp (type [l(ground,ground):tiruthvali? (svntvpe constant)
tinfixname <) (bindingpower 920013

tdec| addl {tvpe iground:ground!) {syntype conslant) (postfixname |'!)
(bindingpower 9T51)

tdec! plus (intisnegme +) (type {{around.ground. (ground=}):ground) )
tavnivpe constant) (associativily bolh) (bindinopower 93003

tdec! times (type lground, around, {ground®})iground! }
Csvnivpe constant) (infixname ®) (associativity both)
(hindingpower 9351)

tdecl (0 jJ k nom) (surt inatnumi) (type !lground! b}

tdecl (a b o setd) (type larounditruthval !}

shevded axioms on order

taxiom fall n.not i € nt )
Clabel irreflexivityv_of_order)

Caxiaom jald nm kon € mhm € &k imp n € ki)
(tabel fransitivity.of_order)

taxiom ‘all n.Aot n € 00}
tlabel Zeroieastl)

rsuccessor and arder

Laxionm tall n.natnumin® )
(ltabel simpinfo?

Caxiom tall e < nid
tlabel successor] ) label succfactls)

Ctawion fall nmenot n < m impm < n"!)
{label suwceessors2)itiabel succfacts)

tariom ‘all nm.n" < m" iff n € m:}
{label successorless)(label succlfacts)

lawiom fall n m.in” = m") iff (= mity
{lahe|! successoreglilabel succfacts)

taxion 1atl n.not n = 0 imp 0 ¢ ni
{label zeroleast2)i|abel succfacts!

taxiom fall n,0 € n*1)
Clabel zeroleast3d){label succfacls)

taxiom fall n,notin’ = 03!)
Clabel zero_nol_successordilabel succfacts)

vdefinition of predecessor

{dec) pred (lype lgroundiground!} (syntvpe constant))
tdefax pred lall n.oredin®) = nl)

PaGE



PUDDEKL i PRF SNATRUM.LSP 23-FEB-8%

{axion
{ lahe|

rall n.patnum pred nl b
simpinfol

radditlran

(defax
{ label

(axiom
{label

(axiom
Liabel

{ax som
L label

(axiom
{label

laxiom
[ label

Caxom
{label

{axiom
it labe!

(axiom
(iabel

plus tall n k,0+n=n & k'+n=(k+nl’
simpinfolilabel plusfacts)

rall nomonatnuminem)i )
simpinfo)

rall n.n+vd =ng )l
simpintold label plusfacts)

vall n. T+n=n" B n+l=n"1i]
simpinfalilabel plusfacts)d

fall m Kk.n*k'=in+*k 1" i)
simpinfol label plusfacts)

vall n k mylk+m=k+n} iff (m=pndi)
lpluscanlilabel plusfacts)

rall onm ko moim+k=sn#k) iff (m=n)i)
rpluscan)tilabel plusfacts)

iall o konvk=0 11 n=0 & k=0,)
addiozeroct label plusfacts)

vall kK noK*nzn+k . )
commutaddl( label plusfacts)

imultiniication

(defax
L label

Laxiom
(label

(axiam
{label

faxion
{label

{axiom
(label

Caxiom
[ Tabel

Laxiom
{Tabel

{axiom
(label

laxiom
(label|

times tall n K,0%n=0 & n"*k={n¥k +k!}
simpinfolilabel timesfacts)

vatl nom.natnumimEn )| )
simpintfol

vall nonxl=0 & 1#n=2n & nEl=ni)
simpinfolllabel timesfacts)

vall n k.nEk " =nEk+ni )
timsucc i label timesfacts)

tall n k monot k=0 imp {(kzmskEn)d iff (m=ni)i)d
Itimescan)ilabet timesfacts}

iall m kK monot k=0 imp ((m¥kan®k ) (ff (m=mddi )
riimescanlt{label timesfacls}

el N o m.nEmSmER; )
commutmul t3( label timesfactis)

tall n k,not n=0 imp n*k=0 iff k=0:)
[timestozernd{ label timesfactis)

tall n kenot n=0 imp kEn=0 §iff ks=0}])
rtimestozerol( label timesfacts)

1471613
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CUDDIFKLIPRF INATNUML LSF

cdistributivity

taxiomn iall n k m.n&l{k+miskEn+tmEn; )
[iabel idistribl (label timesfacts) (label plusfacts)

iaxiom (afbl nom K.im+k JEn=mEn+kEn) }
{iabel rdistrib) (label timesfacis) (label plusfacts)

vinductive principles
(proof induction?

taxiom talt a.aldlEiall noain) imp ain'J2) imp (all n.atnidi}
(label prool Ly _nductiond

(decl npars (iype lground=x] )
tdecl ndf (type {ground.ground*)garound=; )
ftdeci zZcase (lype jground®=iground: b
{axiom
tall ndt zcase ndef.
(ex fun,
tall npars n.tunll,npars)=zcasel{npars)b

23-FEE-BS 14:16:13 PaGE 3

funin'.nparsirndefin, funtn.ndfla, npars ) ). nparsryl)

Clabel induelive_definition?

ithe following is a form of double induction

favion rall a2.(all mm.a2in,0&a2(n.m) imp a2(n".m™3}) imp all

{iabel proof_by_doubleinduction?

sisave-proofs natnum)

nm.a2in,mhil



‘UDD:EKL:PRF :5UM, L5SF 23-FEB-B5 14:14:27 PAGE |
scaler gnd its finile summalion

{load "uddiek | :prfinatnum, |sp”)
tproof sum)

tdecl|l scalar i(syntype constant) (type ground:truthval i)
{decl scalar_plus (type (laroovnd,grovnd,sround® ) iaround’ )
favniype constant) (infixname ++&3}
{bindingpower 930) (associativitiy bothl)
(dec| scalar_times (lype ! {ground,.ground,ground® biground) )
tsvntype constanty {infixname =x)
thindingpower 935) {assucialivity bouthd}
Cdec| (szero sunit) (syntvpe constant) Ctlype ijaround! ) (sort iscalari))

{dec!l (aa bb cc) (sort lscalari) (type lgraound! })

(axiom iall aa bb.scalari{aa ++ hb)i)
{label simpinfolilabel scalar_plus])

taxiom jall o0 bb.scalar(aa == bbl)
{label simpinfod

laxiom (&l aa.l aa ++ szero aa & sZero ++ aa = aalll

{label sinpinfol

laxiom tall aa.{ aa %% sunit wad B sunit x% ga = &a)!)

{label simpinfo)
tdecl (ff g9 hh? (type !growund:ground: })
tdec! series {syntype constant) (lype !{ground:ground):truthval!}
tdetine series iseries=lambda ff, all i.scalar{ffiid)i}
tdect ¢f 9 h) (iype iground:ground!) (sort iseries:))
{dec| sum (syniyvpe constant) {(iype ilground, (ground:ground) Y around) ) )
fdefax sum
el ff.isum(0,ffizgzera) & all § ff.lsumCi'", fOd=Cff0i") ++& sumli,ftId)0)
flabel simpinforilabel sumfacts)tlabel sumdef}
(trw Jall f. series(fii)
irw ¥ {open seriesi)

(label simpinfo)
call 1t i.scalartfdi))

{1rw qall i t.iscalarisum{i,f)) imp scalar(sumi{i".f)2}! {(use sumdei mode always) (use
el b f.scalar{sumii,.f)) imp scalari{sumii®, T}
tue ({2 . !lambda i.scalar{sum(i,f))})) proof_by_induction (use %)}

vall n.oscalar{sumin,f)

ifderive lall n f.scalar(sum{n.f))i =*)
{ilabel simpinfol

rsimpfacts



CLDDIEKL:PRF:SUM,.LSP 23-TEB-85 (414727 FAGE 2

taxiom |%ZerD != sunitl}
{Tabe!l simpiniol

rsmultiphical ron

taxiom tall aa, aa *x z7erQ = s7er0 & szero #¥ @@ = srerol)
(label smmpintal label smullfact=)

(laxiom (all aa, aa **% sunit = g4 & sunil *x ga = aal)

(labe! simpinfol)label smultfacts)

taxiom ‘ali aa hh., aa %% bh = bb *% aal )
Clabel simpintol label smultfacts)(label scalar_product_commules)

vadivide

(dec! sdivide (symiyvpe constant) C(tvpe ((ground,garoundligroond: )
tinfixname %%) (Dindingpower 936 01)

tarxiom tall aa b, ag != szero imp scalaribb %% aali)
tlabel simpfinoidlabel sdividefacts}

laxiom ‘all aa bb.(aa 's szero imp (8a *#% hb %% aa) = bb)!)
tlapel simpinfoldlabel sdividefacis)

vaaddition

taxiom iall aa. aa ++ s5Zero = gai )
tlabel simpinfolilabel splusfacts)

fgxiom tall aa bb. aa ++ bb = hb ++ gal)
{fabel simpfinodiiabel splusfacts)i(iahel scalar_plus_commutes)

PEMINUS

idecl sminusu (syntype constant} (tyvpe igroundiground) )
(prefixname -) {(bindinapower 9371}

tdeci sminusb (syniype constant) (type (ground.around?:ground! )
Cinfixname ==1 (hindingpower 937 1))

{farom iall aa, scalar{- gali}
{label simpfinol}(label sminusfactsl

tasium fall aa. aa +*+ = aa = 5ZTerol)
{label simpfinolilabel sminustacis)

(axiom ‘all #4 bb. scelariaa -- bb)!}
{label simpinfo)l

faxiom 'all aa hbh., {aa -- bh) ++ bh = aa!)
(label simpinto)

sdistribulivity
taxiom Jall aa bb cc. aa %% (bb ++ cc) = aa *¥% bb ++ a@a %% cc!l)
{label simpinfol{label distfacts)



PUDD:EKL :PRF:SUM,LSP 23-FEB-85 14:14:27 PAGE 3

{oaxiom tail aa bb coc. (aa ++ bb) *¥ oo = aa *% co ++ hbh %% gocl)
tClabel simpinfol label distfactis)

srodistributivity ot scolar product and sum

iscalar product of series
(dec| sps (type [(around,{ground:ground) ) {around: garaund)! )
tsyniype constanti )

tdec! (xx vy zz) {type ‘ground!))

tdetine sps lall sx ff. spsixx, )= {lambda i. xx % f§f{i312)
Llabei spsdef)

laxiom fwll aa . seriesi(spsiaa,f))!)
(label simpinfol

CPROOF

tue (ta . jlamboa i.lac *#% sumii.f) = sumii,spstag. 300013
proot_byv_inddction {use sumfacls mode always) (use spsdef)
tuse distlacts mode exact))

tderive tall 1 i,iaa *% sumii,f) = sumli,spstaa,fl)); =)
Clabel sum_propl )
VAOED

trw sum_propl {open sps))
Clabel sum_propl_13}

Clrw talb f i.sumCicf) *% aa = sumii, lambda i1,.00i1) %% aal’ %)
flabel sum_propl_2)

cvocommutatividy of sum and ++

vaddition of series
(decl series_plus {(iype :({qrcund:grnundl,Igruund:gruundj}:(grnuna:grnund}:}
tsynlvpe constant )

tietine series_plus tall tf gg. series_plusiff.ggl=lambda i.ffii) ++ gqiii' )
(labe! series_plusdef )

taxiom tall | g.seriesiseries_plusif,gii!
{tabel simpinfo)

(PROOF
Cassume [sumin,series_plusif,g)) = sumin.f) ++ sumin., gl

Lirw csumin’,series_plus{f,gll=sumin",f} ++ sumin®,g);
tuse sumfacts mode exact) luse * mode exact)
fuse series_plusdef mode exact)
tuse scalar_plus_commutles direciion simpler))
ssumin',series_plusif,gll=ssumin®, f) ++ sumin',a)

for "=2" %)

tue (La . ilambda ivsumli.series_plustf,gl) = sumii,f) ++ sumij,.gkih)
proof_by_induction {(use = mode exacl))

tderive tall 1 g iosumii.series_plusif,gdt = sumi(i.f) ++ sumii.g)! %)



UDDICKL :PREZSUM, LSP 23-FEH-B5 14714027
tlabel simpinfol (label sum_propl)

COED

vdouble sereis

tdec| dblseries (synlype constant) (type ({{grpund.ground}:ground):truthval !}
tdeel bit (lype !lground,ground}iground! )

tdeci i j k | mn) (tvpe ground) (sort natnum) )

tdefine dblseries idblseries=ilambhda hif. all i j.scalaribffii,jri)

tdecl (dl d2 d3) {(type iitground,yground):ground! ) (sort dblseries))

Ctrw tall di, dhlseries{dl i)
(label simpinfo)

irw = (gpen dblseries) (nuse Simpinfol)d
ilabel simpinfol

(trw fall dl i, seriestiambda k. dl(k,i)}) & serics(lambda k, ditj. ky)!
(apen series) {usc %230
{iabel simpinfol

cummutativity of summation

TLEMMA
lue (ia . lambde j0.{szero sumi jO, lambda j,.szeroliii}
proof_by_inductlion {use sumdef mode exact))

vall nosrerno = sumin, lambda j.srern}
Llabel sum_propd_hlpd?

SLED

L PROOE

Ctrw lseriesd lambda j. sumin, lambda k. dlik.jd¥})! {(open series))
sseriest lambda j. sumin, lambda k, didk, jri}

tue (0F . lambda j. dlin®, j3i) (g , ilasbda j. sumin, lambda k. difk,jl)!)}
SUm_prop?
(nuse simpinfol) : withoul this option. FEKL rewriles this to true
{use *)
(open series_plus))
vall iusumi i, lambda il.di{R",il) ++ sumin.lambda k,didk,ili}} =
; sumii,lambda j,.diin’, ji} +%
H sum( i, lambda j,sumi{n, |lambda k.dl(k, j)))
(label sum_prop3_hipl)

lue ({a . Jlambda k0, sumik0, lambde k, sum( [0, lambda j.dl(k, ji1¥)
= &um{ i, lambda j. sum({k0, |ambda k. didk, ji)did)
provf_by_induction
fuse sum_propid_hlpld mode exact)
tuse sum_propd_hlpl mode exact)
fuse sumfacls mode exactl)
call n.sumin, lambda k. sum( j0, lambda j.di{k,jl1) =
sumi jO. lambda j.sumin, lambda k.dlik, j)))

tderive Jall n.sumin, lambda k,soml 30, lambda j.dl{k, j}d} =
sumt jU, fambda j.sumin. lambda kK.dli(K.i))3! =}
{labe!l sum_propl3)

FAGE
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sy odefinition of matrix and ils product

fioad “tool”™)
(eload "luddiek!|iprfisum.lzp”)
{proof mat}

product of two double series as matrix body
tdecl mipr
(syniype constant)
Ctype (tground, Ciground, ground ) faround) . (taround. ardund ) tground b »:

{tiground,ground Fground i ¥

{define mipr ‘mipr=
lambda 10 dt dZ.lambda + k. sumi ji,lambda j.d10i, j) *x d2{ 5, k210

tlabel miprdef )

Ctrw Jall 1 k dl d2. seriesilambda j.d10i.0) *= d42(j, k1! (open series))
tlabel simpinfo?

VLEMMATTA
iirw
call ji d1 d2, dblseries(lambda | k.sum(j0,lambda j.dl(i,j) % d20j, k1))
{open dblseries))
Chabel simpinfol

Cirw idblseries! lambda m on L {diCi.m) =% d2im.n) =x d3(n.k)):
fupen dblseriest)

(labhel simpinto)

VAED

MATRIY PROPOSITION 1 {associativity of mtprd

PRODF
(trw

imtprikO.dl.mtpri j0.d2,431) = mtprt j0,miprik0,dl,d2},.d370}
{nuse scalar_producti_commuies)

topen mtopr )

(use sum_propl | mode exact)

fuse suni_propl_2 mode cxacl)

tuse sum_propd ue ((dl . {lambda m n . dlti,m} £% d2(m.n) == d3in.k}i)11)

tderive
vall koo j0 odil d2 d3.
miprikd,dl,miprijl,d2,d3)) = mipr(i0,.mtprikO.dl.d2).d3)! %3
(label mat_propl}
VQED

tdecl pff (type ((ground.ground):ground) ))

(deel matrizx (syntype consiant )
iype flground, ground, ((ground.around) around? ) truthval )

tdec! {grond grndl arnd2) (tvpe sroundd)
tdec| immil mm2) (type |(ground,around.(iground.around}:around? )
rcolumn row and matrix body

(decl column
{syniype constant )
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iivpe !{around,ground, ({ground,around)iaround ) around; 1}

tdec!| row
{syntype constant)
itype !{ground,gruund, i grosnd,ground) aroundl)iground; })

(dec! mitbady
(ayntype consbantd
1lyne
flground. ground, (lyround, groond )l around )} (around, ground ) taround 11 1)

idetine column ‘column = tambda grndl grnd? bff. grndl i}
{label columndet)

idefine row ‘row = lambda grndl garnd2 bff. arnd2i)
{label rowdef )

tdefine mibody imtbody = lambda grndl grnd?d hif. bBEtid
{Chabel mtbodvdef)

tname-rewrd ter mtacs {use columpde! rowdef mtbodvdef mode cxactldld
Cppme=rewr i ler mtacsrey (use columnde! rowdef mtbodydef direction reverse))

(define matrisx
imatrix

|lambda mml
tnatpumtcolumndimm] b} & matnumtrow(mm] }} & dblseriesimtbodyimm] )y} &
all m n.lleolumnimml) < m or rowlmml} € nd imp (ntbodyimm! ) )im.nl=0)33)
tlabel matrixdef? *

idec| matrix_product
(syntyvpe constant)
Clyvpe
Vitaround,ground, {{ground, ground }iground} ),
tground,ground, ( (ground. ground } 2around} )}
‘{ground,around. ({ground, ground ) Sground} i)
Cintixmname *xx) (bindinapower 935))

tdect taaa bbb coo)
ttype ftground,around.((around, ground ) iaroend ¥i)
{sort matrix))

(decl max (savntvoe constant? (tyvpe {lground,ground}iground! b}

(define max ‘max=lambda i j. if i < ) lhen | else i}
(label maxdef)

tdetine malrix_prodoct
imatrix_product =
fambda mml mm2
teglumn mml,
row mm2,
miprimaxirow mml.column mm2 ). mibody mml.;mibody mm2 Y00
Clabel matrix_producidef )

v oassocialivity of matrisx_product (%x%)

idecl {asa bbb ccc) (type {{around,ground,{(ground, ground!:ground iy}

PAGE
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(sort matrixh)

VLEMMATTA
(frw i1all aaa. matrix(aaali)

trw % (open matrix)}

all aaa.natnumicolumntaaal thnatnumirow! aaa) 'ekdblseries(mthody(aaa) ik
H {tabtl m n,eolomniaaa) < m or rowlaaal! < noimp

H (mibody{aaallimn) = szerol

Tirw
vall ada. notnumicolumniaaal) & matnumirowiaaal) & dblseriestmlbodydaaald) %)
Liabe!l simpinfol

tlew Jall m nonatnumimasim,nl)y {(open max )}
tlabel simpinfo)l

ttrw sall aaa hhbb,
(natrnumimaxicolusni{aaal, rowl bbb )]
b
natnumimaxk ! rowl gaaas ), columnd bbb 11311
Clabel matoprop2_nipl)
TOED

P MATRIY THEOREM 1

yPROOF

Cirw rasa %% (bbh %322 coc) = (aaa **x hbb) T:: poc!
tapen matrix_product) (use sum_propl mode exact)
fuse sum_prop2 mode exact) {use sumdef mode exact )
#@mtAacs )

vthe returned formula is too huge to display

frw ¥
emtacsrey
tuse mat _propl mode exact)
(use mat _prop2_hipl))
saaa ¥xx (bbb **x coc) = (aaa ¥TY bhh) *¥¥ cec

tderive jall asaa bbb ccoo.aaa *#%% (bbb %% coc) = (@aa *%x bbbh) TXX pep! x)
{label mat_1{hl}
SOED
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i Basic file for proving properties of QS0RT {guick-sort}

(wipe-out
fproof gsort)

tdect element (type "around:iruthval®} (syntype constant))
{decl ieg (type "{ground,ground)itruthval ™) (synilype constant )}
{dect (o b o) (lype ground) (sort element b

Caxiom “all a,leglaal”}

(label order}

taxiom “ali a b c,leqla.b) & lealb.c) imp leala.c?™)
Clabel order

faxiom "all & b.legla,b) & leglb.a) inp a8 = b")

it labe | order )

{axiom "all a b.leala,b) or legib,al™)

{label totulorder]

[label arder)

taxiom “elementi ]} & elementi2) & element{3)")
i label small_model )

l4:17:08

faxiom “legib. 1) & legl1,2) & legi1.3y & leqt2,2) & legltZ.3) b leal3d,3)7)

Ciabel small _model |
caxiom "not leg(2,1) & not legid,1) & not leg(d. 227
tlapel sSmallomodei?

{decl list (type "ground:trutheal®™ ) (syntype constant))

fdec] ko (type around) {(svnilvpe constant) (sort bist))

idec! cons (type “i(ground,groend)iground” ) (syntype constant))
{deel head (type “groond:ground” ) (syntype constantl)

idecl tail (tvpe "aground:ground” )} (synlype constant))

idec| append 1lype “(ground,grounddiground” ) (syntype constanl))

idecl shorter (type "tground,ground):truthval”) (syniype conslant )}
ideel member {iype “{(ground.daround)itruthval ™) (syntype constant )

idecl sorted (tvpe “around:truthval ™) (syniype oconstant )
tgecl (x vy z) (type ground) (sort lista)

{axiom "all p.iplkur & all a x,pix} inp piconsia,x))) imp all x.plix)"}

{label Vistind)

fasiom "all 8 x.listiconsia.x)l™)
{labet listiniod

Caxinm "all a s.consta.x) !'= ku"}

{label listinfo)

Caxiom "&ll x.% 1= ku imp elementiheadixy)}™)
(lapel lixstinial

taxiom "all x.x '= ku imp listitailix}?™)
tlabel listinfol

taxiom "all & x.headiconsta,x)) = 8% 3
(label i1istinfol

i

ES
¥

e

(axiom "all a x.tailicon=zia,x))
flabel Pigstinfo)

FAGE

'
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faxiom “all x.x = ko mp consiheadix . 1ailix}) = ™)
tlabel {istinfo!

tdelas append
"atl % v,appendix,yr =
il x = ku then y
else constheadix),aopenditai lind.yv21" )
{label appenddel)

:Theourem (append.is_total )
tadlh ox oy. bhaistiappendis,y i}

fue {ip o “lasbda x.all v, listlappendix,y 313705
listind
tpart 1 fuse listinfnd (opon append) )
(label listinfol

atl = v.shorterix,v) §iff
¥ = ku B v '= ku nor
¥ 1= ku B v 1= ku & shorteritailix}.tailiyvyi™)

{defax shorier

taxion “all x v a.shorterix,yd imp shorterix,cons(a.y?1")
(tabel shorler_lemmal b
iThis lemma 15 proved in SHORTER_LEMMAS,LSP,

taxion "all & s.shorter{(x,cons{a,x31"}
tlabel shorter_lemma?l
iThis lTemma is proved in SHORTER_LEMMAS. LSP.

taxiom "all x v ¢ a.shorteriy,consta,x)) & shorteriz.y) imp shorteriz,x}"}
{label shorter_|lemmald)
‘This lemma is proved in SHORTER_LEMMAS,LSP,

tawion "all p.tall x.tall yv,shorteriv,x) imp piv)) imp pix)) imp
all z.pix?")

tiabel sharterind)

This theorem is proved in SHORTERIND.LSP.

(defax member
"all a x.member{a,x) iff
®x = ku &
theadix) = a or member{a,lailixk)i"}

taxiom "atl a x v b,memberib,appendix,consia,v))) imp
member(b.x) aor b = a or membherib,y}"}

{label member _gppend_lemma_if)

iThis lemma is proved in MEMBER_APPEND_LEMMA.LSP.

taxiom “all a x» y b.member{b,x) or b = a or member(b,v) imp
member (b, append(x, consta.y)}1™}

(label member_append.lemma_only_if)

This lemma is proved in MEMBER_APPEND_LEMMA.LSP.

{defax sorted

FPAGE 2
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"all w.sortedix) iff
(x = ku or
¥ !'= ku B taillix) = ku ar
x !'= ku B tailix) '= ku & leagtheadix).headitaili{xd}) &
sorteditail(xi¥i"]

taxiom “all a x vesortedix) & sorlediy) &
{all bh.member(h.x) imp legib,al) &
(all b.memberitb,v) imp not leaglb,a)) imp
sorlfedliappendix,consia,y 12"

{ label sorled_member_append)

iThis theorem is proved in SORTED_MEMBER_APPEND.LSP.

Defimitions {guick-sort and partition)

idect part! (1ype "{ground.around?fgravend” } (syntype constant))
(dec! partr (type "{ground.ground):around” )} (syniype constant))
tdecl asorl (lype “groundiground” ) (syntype constant )

fdefax partl
“Tall a x.partlla,x) =
if ¥ = ku then ku
else (if legiheadixl,a)
then cons(headixl.,partlia,tarl{xh)}
else parti{a,tail{xyil™]
{labe! partldef}

{detax partr
"all a x.partr{a,x}) =
if ® = ku then ku
elze (41 legiheadix),al
then partria,tail(x}]
else consihead{x).partria.tailix))))"}
tiabel partrdefd

tdefax gsort
"all x.gs0rtix) =
it x = Ku or taillx) = ku then x
else appendlasortipart|{headixl.tailixdid},
constheadi x J,gsort{paririheadix ), tailixi)iyy"}
{ label gsurtidef)

CTheorem (parti_is_total):
rall a x.listipartli(a.x))

tue ((p , “lambda x.all a.listipartiia.x?}"})
listond
(part | (use listinfol {(open partidl}

i label listinfol

iTheorem {(partie_is_totall:
vall o a xolistiparti{a,x)]

fue (ip . "lambda x.all a.list{partria,x?i"1}
listind
(part | (use listinfo) (open partril)
Clabel listinto)

3
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iitrw "gsorticons(2,.(constl,cons(3, kuddiji®

H fuse listinfo)l

H tuse small_madel )

: tuse appenddef partidef partrdef osortdet mode always))
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SHORTER_LEMMAS.LSF
tproof shorter_lemmas)
sTheorem {shorter_lemmal)
vall x v a.shorterix,y) imp shorteri{x.consia.v))

tassume “wll v a.shorterix,y) imp shorter{x.consla,y)}” )}
{label shorter_lemmal_ih)

(ussume “shaortericonsih,x ),y 1"}
{label shorter_lemmnal _premisel

irw ® (use listinfo) (Open shorterl)

fue Ly o "taiitiy?®) ta . "headiy)}")) shorter_lemmal.ih
ftuse listintold lusc *1)

{trw “shortericons(b,x),.cons{a,yv))” f(use listinfo} (open shorter) (use %))
(ci shorter_lenmal _premise *)
tderive "olbl vy p.shortericonsib,x),y) tmp shortericons(b,x),cons(a.y)i" %)

(el shorter_lemmal_ih %)

tue (ip ., “"lambda x.all yv a.shorterdx,v} imp shorlerix,consta,y 1" 1)
Pistindg
tuse listinfo) tpart | {part | {open sharlerli}
fuse =3}

sTheoren (shorter_lemmaZ)
rall a x,.shorter(s,cons{a,x)}

fue ((p . "lambda x.all a.shorterix,cons{a,x)?")) listind
fuse listinfo) (part | {open shorter i}
sTheorem (shorter_lemmasi)

vall x v z a.zhorteriy,cons(a, st & shorter{z,y? imp shorter(z,x1")

tassume "shurteriy,consta,x)) & shorter(ku,y)”)

{rw * {use listinfol) {open shorter )

(rw # {use listinfo) {open shorter))

(derive "x = Ku" =®)

ttrw “shortertku,x)” (use listinfo) (open shorter) (use *#)1}
{ci =5 =)

{label shorter_lemmal_base!l

{sssume "all x v a.shorteriy,cons{a.x?) & shorter{z,y} imp shorter(z.x}"}
{label shorter_lemmai_ih)

{assume "shorteriy,consia,x)) & shortericons(b,z¥,v1"}
{labe! shorter_lemma3_premise)

(rw ® (use listinfol (part | {open shorter)) (part 2 (open shorteri))

-

{assume "x I= ky”“)

PAGE
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(ue tix . “tailix)"} (% . "tailiy?") (a . “headi{x}" ) shorter_lemmad_ih
fuse Listinfo) (use =2 %3}

(trw “shorterticons(b.zl,x)" {use listinfo! {(open shorterd (use -2 =1
{label shorter_lemmal_casel)d

tassume "x = ku"l

(rw shorter_lemmai_premise

tuse lislintfod (use *}

ipart | (open shorter}ll
(rw # fuse listinfo) tpart | {open shortier 33D
{rw * (use listinfo! {open shorter )}
(derive "false imp shorterteonsib.zh.xi")
Lderive "shoriericonsib,zd,x)" (-2 2]
Llabel shorter_lemmad_cdsed)

(derive "= !'= ku or x = ku")
(coscs * oshorter_lemmal_casel shorter.lemmad_casel)

ici shorter_doemmal_premise ¥

(derive "all x v a.shorteriy,consta,x)) & shortericonsib,z),v) inp
shortericonsib,zy, x1"
£

tei shorler_lemma3_ih )

{ue (ip . “lambda z.all x v g.shorteriy,consia,x)? & shorter(zZ.v}) imp
shortertz,x)" i
listind
{lugse lTislinfol
{yuse shorter,lemmal_base) (use #))

PAGE 2
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SHORTERIND. LSP
{proof shorierind?

iTheorem (shorterind)d:
call potall s.tall y.shorterly,x? imp piyr) imp pix)}) imp
: all x,plix)”

tassume “all x.iall y.shorterfy,x) imp plyd)} imp p(x)")
{lahe!l shorterind_assumplion)

fderive “all voshorter(y,kud imp péy?™ nil (use listinfo) {open shorter )}
{ltabel shurlerind_basel

tassume "all y,shorteriy.x} imp piy)"?}
{label shorierind.ih’

{assume "shorter(v.cons(a.xd1"}
(label shurteorind_premise?’

fgssume “shortertz.y )70

(e (6% . x3 {y . vy itz . z% ta . a)) shorter_iemmal (use -2 =1))
fue (iy o 730 shorterind_ih (ugse ®)}

[N 3 %)

fye (i% . %)) shorterind_assumption (use #%))

(ci shorterind_premise *1

fderive "all y.shorteriy,consia,xd) imp piy)” ¥}

{ci shorterind_ih #)

fue (ip . “lambda x.all y.shorter{y.x} imp piy )" 23 listind
{use shorlerind_base =) (use listinfoll

fue ((a . al ix , %13 shorter.lemma )
fue ((x . "cons(a,x1") &y . =2} =2 (use =) fuse listinfoll

(derive “all x.pixi® *}
ici shorterind_assumption %)
itdefine shorlerind_temp
"shorterind_temp =
lambda p,iall x.tall y.shorter{y,x) imp pi{¥)) imp pix}) imp
all ®x,pix1")
tirw “shorterind.tempip)?® {use -2 (open sharterind_temp))

tderive "all p.shaorterind_temp{pl® *)

{rw * (ppen shorterind_temp))
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MEMBER_APPEND _LEMMA. LSP

tprood menber _append_lemma )

iTheorem (member_append_ | emma_if )
viambda x.all a v b.memberib,appendix.consta.v1)) imp
: memberib,x) or b = a8 or member{b,v}

taszume “all a v b.memberib,append{x,consla,ylr) imp
memberib.x) ar b = a or member{b,y1")

(label member _append_lemma_if_ih)

{assume "member{b,appendiconsic.x Y, consia,y 13317}
{lobel member _append_|lemma_if_premise}

frw % fuse fistinfo) (open append) (open member ))

tderive "b = o or memberi{b.x) or b ® a Or memberib.,y)"
(x member _ append_lemma_i f_ikd)

tderive "memberib.consl(c,x)} of b = a or memberih,y )" =
fuse listinfo) (part 1 (open member )}

tol member _append_|lemma_ i { _premise %)

tderive "alt a ¥ b.member(b.appendicons(c,x),consta,y)}) imp
memberih,cons{c,x¥) or b = a or memberib,y}"
x}

i member _append_lemma_if_ih #)

fue (lp . "lambda x.all a y b,member(b,append({x,consia.y}}) imp
memberib,x) or b = a or memberib,v "1}
| i51ind
tuse listinfor (part | (part | {(open append) {open member)))
(use *))

‘Thegrem (member_ append_|lemma_only_if)

lambda x.all a v b.member(b.x) or b = a or member{b.y! imp

H memberib, appendi{x, consta,y i)

tassume “"all a v b,memberib,x) or b = a or memberi{b.v) imp
member (b, appendix,consla,yir)")

[label member _append_ | emma_ondy_if_ih)

tassume “member(b,cons{c,x)) or b = a or memberib,yv1")
Clabel member__append_ |l emma_only_if_premise)

(rw * (use listinfo) (part | (open member )}

fderive "b = ¢ or memberib,appendi{x,consfa,y)l}"
(=2 member _append_lemma_anly_if_ihi1}

tderive "memberib, appendiconsic,x),consta,yl 1" =
fuse listinfo) (upen append) {open member })

{ci member_append_(emma_only.if.premnise =)

iderive "all a y b.member(b,conslic.x!) ar b = a or memberib.y! imp

PaGE
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member (b, appendiconsic,x),consta,y )"
L

{ci member_append_lemma_only_if_ih ¥}
{ue (ip . “lambde x.all a v b,memberib,x) or b = & or memberib,.y) imp
memberi(b,appendix,consta,y )"}l
listindg
tuse |listintol
ipart | {(part | (part | (part | (part 1| lopen member)drlll
{part 1 ipart 1 (part 1 (part 2 (open append) (opan member )y )}

{use ¥))

14:17:57
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P SORTED_MEMBER.AFPEND,LSF

iproof sorted_member_append )

iTheorem (sorted_member_append):

rall o x & y.sorledix) B sortediy) &

H (gl b.memberib,x) imp legtb,oll &

; fall bomemberib.y) imp not leaglb.ak) imp
sortediappendix,consia,y )}

(assume “sortediyl?™)
{labe! socrted_member_append_base_premisel)

fassume "l b,memberib,y ) imp not leaib.a?” )
{ label sorted_member_append_base_premised)

fassume "y ® kuT )
ttrw “sortediappendiko,.consia.y )"

{use =) (use listinfo) (open append!t (open sorledl)
{lape! sorted_member_append_base_casel)

(assume "nat v = ku"l
fue (ib . "headiy}™)) soried_member_append_base_premised
fuse ®¥) tuse listinfo) (open member))
fwe (g . "a") db ., Thepd(y) ) totalorder (use =2 *) (use listinfoll
{1lrw "sorted{appendiku, consia,y))})”
fuse =2 % sortcd_member _append_bosc_premiscl) {use listinfol
Copen append) (open sorted)?
Clabel sorledomember _gsppend_boye _case? )

fderive "y = ku or not v = ku")
icases * soried_member_append_base_case]l soriedomember_append_base_casel)

(el (sorted _member _appand_base_premisel sorted_member_append_base_premiszel)
x]
Clabel sorled_omember _append_base )

tassume "all a y.sorfedix) b sortediyv) &
{all b,member{b,x) imp legib,ald! &
fall b,merber{b,y) imp not leafb,all} imp
sortedl appendix,cons(a,y 1317 )

(label sorted_member_append_ih)

fassume “sortediconsie,x ")

{lapel sorted_member _append_premisell}

{assume “soriediyi™)

{label sorted_member_append_premisel)

{assume “gll b.mepberib,consic,x}) imp legib,al” )
{labei sorted_member_append_premiseld)

tassume "all b.member(b.y) imp not jegtb.al” d
vlabel sortled.omember.append.premised)

(Fw sortéed_member _append_premisel {useé |listinfo) (Dpen s50rted))
(irw "sortedikul” {open socried))
tderive "sortedix)” (-2 x))

tassume “memberth,x)17)
{derive "memberib,consi{c,x)1® % (usc listinfo) (open member })
fue ({b . b)) sorted_member_append_premisel (use %))

FAGE

1



CUDDCEKL OSURT :SORITER_MEMBFR _APPFHD.LSF 23-FER-85 14:18:13

(i -3 %)
iderive “all b.memberib,x) imp leglb,al)” %}

fue ((a . al (v . vil
sorted_member _append_ih
(use -6 sorted_member _append_premise? = sorted_member_append_premised)
(use |istinfull

[ label sorted_member_append_lemmal

(assume "x = Ku~)
(rw soriedomember_append_lemma (use ®3) (use |istinfo) (open append?))
tue (b . ©)) sorted_member _append_premisel
(use listinfod {(open member )}
(1rw "sortediappendi{consic,.x),consia,vih)”
fuse =30 (use lislinfol
(gpen append?) {(open append)
fuse * =21)
Lopen sorted)}
{ label sorted_wmember _append_casel)

fassume "naol x = kKu™
(rw sorted_member_append_lemma {use ) (use listinfo) {open appendl )
irw sorted_member _append_premisel {(use =2) (use listinio! (open sarted))
ttrw "sortediappend(consic.x),.consta.y)ir”
{use * -2 =33 {use listinfo)
(open apoend) (open asppend) (open sorted))
[label sorted_member_append_casel)
(derive "x = ko aor nol x = ku"}
lcases ¥ sorted.member_append_casel sorted_member_append_case?l)

lcy (sorted_member _append_premisel
suried_member_append.premisel
sorted_member _append_premiseld
HOr ted_member _append_premised )
x}
{ei sorted_member _append_ih?)

fue (ip . "lombda x.all a8 v.sortedix) & sorted(y) B
tall b.memberi{b.x} imp legib.al) &
tall b,member{b,y} imp not leglb,al} imp
sortedl{append{x,consla,y 111" 13
listind
luse sorted_member _append_base #%)
luse listinfobl)
(label sorted_member_append]

PactE 2
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PARTITION_LEMMAS, LSP

ST
e omr w
e

: some properties of partition

(proof partition_|lemmas)

iTheorem iparti_preserves_shorter ).
sall x yoshorierix.y? imp (all a,shorleripartliia,xi,y)?

ttrw "shorleriku.y )l imp shorteripartliia,kud,v1"
fuse listinfo) (open partl} (open shorter i)
flahel parll_preserves_shorloer_base)

tassume "aill wv,shorterix,y ) imp (all a.shorteri{partifa,x).v21")
(label partl_preserves_shorler_ih}

{assume "shortericonsib,x),y 1"}

T label partl_preserves_shorler_premise)
irw ¥ {use histenfo) (open shorter )
Clabe! partl_preserves_sharier_ lemmal

{assume "lcaib,al")
tirw "shorteripartlia,consib.xdl,v}"

(use x)

luse partl_preserves_shorter_lemms)

tuse parll _preserves_shorter_ih?

fuse listinfor topen parll) {open shorter))
tlabel parti_preserves_shorter_casel)

tassume “nol legib,a)”)
fue d0x o "=x") 4y, "tailitv)' )y fa . “headiy )" 1) shorter_lemmal

tuse portl_preserves_shorier_lemmal (use listintol)
itrw "shorteripartl{a,consi{b,x31,v1"

fuse -2 =}

iuse partl_preserves_shorter_ih)

fuse listinfo) (open parti )}
{label paril_preserves_shourter_casel)

(derive "leaib,a) or not lealb,a)” )
lcases * partl _preserves_shorler_casel partl_preserves_shorter_case?)

tderive "all a.shorteriparilfa,consi(b, x)),vi* %)
tei poartl _preserves_shOrter_premise %)
tderive "all v.shorter{consib,x),yv) imp
tall a.shorter(parti{a,.consib,x) )y, y23"
x}
tei portl_preserves_shorier_ih %)
tue ({p . “lambda x,(all y.shorteris,y) imp
{all a.shorteripartiifa.xd.y 103"}

listind

tusc partl _preserves_shorter_base *) (use listinio))
(label part!l_preserves_sharter}

yTheorem (parir_preserves_shorler):
tall x v.shorterix.y? imp (all a.shorleripartiria,x),y))

tirw “shorter(ku,y) imp shorteripartria.kul.y?”
fuse listinfo) topen partr) (open shorter)}
{label partir_preserves_shorter_base)

PRGE
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igssume "all y.shorter(x,v) imp (all a.shorleripartir(a,x).y317)
i lahel parir_preserves_shorter.ih?

{assume "shortericons(ib,x),v)™)

ilabei partr_preserves_shorter_premise)
(rw * (use |istinto) {open shorter )}

i label partir_preserves_shorter_lemma?l

{assume "nat legib.ak”™ )
iirw "shorieripartria,consib.x)),v)"

(use *)

fuse parlr _preserves_shorter_lemmal

{use partr_preserves_shorter.ih)

{yse |listinto)} (apen partr ) l{open shorier})
({abel parir_preserves_shorter_casel]

(assume " lengitb.a)” )
fue Cfx . "x"F o6y . Ttaillyd” ) fa . “headly} )} shorter_lemmal
(use partr_preserves_shorter_lemmal (use listinfoll
Clrw “shorteriparirla,consib,x1l, 50"
{use -2 %)
(use partr_preserves_shorter_ih}
{use listinfa)y) (open partr))
{label partir_preserves_shorter_casel)}

(derive "not leatb.a) or lealb.a?”) )
(cases * pariropreserves_shertler_casel partropreserves shorter _case2)

tderive "all a.shorteriparirfa,consib,x}i,yi" %)
fer partr_preserves_shorter_premise %)
(derive "all yv.shortericonsib,.x).y} imp
tall a.shorteripartria,consib,xd¥k, yv3)"

T}
(i parir_preserves_shorter_ih *)
(e dip , Tlambda x.Lall y.shorterix,y ) imp
(all a.shorteripariria,x).v?)i" 1}
lisiind

fuse partr_preserves_shorter_base *) (use |istinfol)
{label parir_preserves_sharter)

vlTheorem (parti_leg_key):
vall a » b.memberib,partiia,x)? imp lealb,a)

(irw "memberib.parti{a.kur)” {use listinfo} (open parti) (open member))
flabel partl_leg_key_base)

tassume "all a b.member{b,partlfa,x?}) imp legib.,ai”)
Clabel parti_lea_key_ih?

{assume "memberibh,partila,cons{e,x)1137)
(label partl_leg_kev_premise)

(assume "lealc,al™)

trw partl_leg_key_premise

{use %) {use listinfo) {open partl} {(Open member))
tderive "leglb,al” (=2 =1 parti_leg_key_ih))
tlabel partl_leg_key_casel)

PAGE 2
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{assume “nol leglc,al”)
frw part!_leg_ key _premise
fuse =) (yuse |istinfo) (open parii})
fderive "legib,al” (% parti_leg_kev_ih} (use listinfol)
tlabel partl_teo_key_casel)

{derive "lealc.al) or not legic.al” )
foases ¥ parll_ leg.kev_coscl paril.leg_key_caseZ)

toa partl_leg_kev_premise x5k
tderive "all a b.memberi{b.partila.consic,xi1) imp legib,a)” %)
foi partl_leg_key_ih #3

twe (ip ., "lumbda x.all a b.memberib.parti{a,x?) imp legib,alt" 11 listind
fuse ) (ose partl_leg_key_hbpse)d (use Jistinfol)
{label partl_leg_key}

yTheorem {parte_nol_leg_keoy )
fall 8 % b.memberib.partri{a.x}) imp not legib,a)l

tbrw "memberib.partria,kul)” {use listinto) {open partr) (open member))
{label partr_not_leg_key_base)

Cassume "all a b.memberi(b.partria.x}) imp not legib,al™)
{label partr_not_leg_kev_ih)

tassume “membperib.partria.cons{c.x3117)
Llabel parir_onotl_leg_key _premise)

fassume "not legic,al™ )

irw partr_nof_leg_keyv_premise

tuse %) tuse listinfo) {open partr) (open member})
tderive “not lealb.a)” (-2 -1 parir_nol_leg_kev_ih)}
Clabel partr_nol_leg_key_casel )

{assume "legic,ald")
frw partronoi_leg_key_premise
fuse *) ({use listinfo) (open partr))
fderive "notl jealb.a)" (% partr_not_leg_kev_ih) {use listinfo)}
Clabel partir_onol _leg_key_case?)

tderive "not legic,a) or legic.al"}
teases = partr_not_leg_key_casel parir_not_lea_kev_case?)

(el partronot_lea_key_premise *)
tderive “all a b.memberi{b,partr{s.cons{c.x))) imp not leagib,al” %}
(ol partronot_leg_key_ih =)

twe {ip . “lambda x.all a b.semberib,partria,x)} imp not leaib,al" ) Iistind
tuse *) (use partr_not_leag_key_base) (use listinfo))
(label partr_notl_lea_key)

Theorem (shorter_partil_head_tail):
sall x. x != ku B tlailix) != ku imp shorieri{partli{headix).tailix)}, x}

fassume "x 1= kuy & taillx) !'= ku")
Clabel shorter_parti_head_tail_assumpticon)
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fue {ta . "headix}™) (x . "tailix}")} shourter_lemmal
luse listinfo) (use ®1)

fue tlx o “tailix)"y @y . “x”02) partl_preserves_shorter
(use ¥}
(use shortloer_paril _head_tail_assumplronk
fuse listinfall
tue (fa , "headix)i™ 1) %
fuse shorter_partl_head tail_assumptiond
fuse listinfo))

(ol shaorter _part| _head_tail_assumption =}
tderive Tall x, x !'= ku & taifllx}d !'=s ku imp shorteripartliheadix, tailixri,x}"

x)
tlabel shortoer_partl_head_taill

iTheorem (shorter _partr_head_taill:
vall x. % !'= ku & tailix) !'= ko imp shorteripartrihead(x),tailix)l.x?

lassume "= !'= ku & tailixy 1= ky™)
ilabel shorter_partr_head_tlail_assumption)

tue (la . “"headix?™) (x . "tailixi")) shorter_lemma?

tuse listinfol (use ®5F
lue ({x , "taildx?") (y . “x")) partir_preserves_shorter
luse =)
tuse shorter_parir_head_tail_assumption)
fuse listinfoll
tue (la ., "head(x)"}) =

fuse shorter_parir_head_tail_assumption)
fuse listinfoll
(i shoarter_parir_head_tail_assumptlion =)

tderive "ail %, x != ku & taili{x} '= ku imp shorteripartriheadix},tailix)i,x)"
E
Clabel shorter_partr_head_tail)

Dlheorem (member_partl_partr_if;
calth o x oa bomenber(b,x) imp
H member{b,partlia,x ) or member{b.partria,x))

Ctrw ftwembercb,kuld) (use listinfo) (open member))

fue (ip o “lambde x.all & b.memberib.x) imp
meaber{b.parti{a,x}) or member(b,partria,xi1*})}
listlind
fuse ) (use listinfol)
(label member_part| _partr_oif_step}

itessume jall a b.memberib,.x) imp
member{bypartita,x}) or member{b.partria,x11)}
tlabel member_partl_partroif_ih)
lue ({a . a) (b . bL¥} %]
{label member_part|_partr_if_lemma)

fassume "member (b, consic.x) ™)
Clabel member_part|_partr_if_premise)

4



TUDDCERL :QS0RTPARTITION _LEMMAS, L3P 23-FEB-85 14:18:22 PAGE

{rw * (use listinfo) (Ooopen member})
{label member _partl_partr_if_premise_|lemma )

tassume Vlegic,al.)

(trw imemnberib,partl{a,cons{c,x’)) or memberib,pariria.consic.,x1}1);
luse *) (use listindod (open parll ) (open parir))
irw ®= {pgart 2 (part | {use listinfo) {open member )i}
(rw * (part 2 (der wmenber _par )l _parte i _presilse_ | enika
member_partl_partr_if_lemma)i?
{tabel wember _part! _partr_if_casel)

{gssume inot legle,ali )

tlrw Smembperib,parifla.cuns{c,xd}) or member(b.partria.consic.x)hii
fuse ) (use listinfol! (open partl ) (apen partr))
(rw * (part 2 (part 2 {use listinfo) (open member»)i)
(rw % (part 2 {der member _parti_paricr_if_premise_|enma
member _partl_partr_if_lemmak}?d
{lahel member_paril_partr i case)

{derive “legic,a) ar not leaglic,al")
icases * member_partl_partr_if_casel membher_part!_partr_if_case?)

fci member _partl _partr_if_premise ¥}
{derive
“all a b.memberib,cons{c,x}) imp
member{b,parti{a,consic,x)3} or memberi{b,parir{a.conslc,x))}"”
x)
(i member _parl | _partr_if_ih %)
irw member_partl_partr_if_step {(use ®1)
tlabel member _part|_partr_if?

yTheorem {member _partl_partr_only_if3:
vall ox a bomember{b,part|{a,x)) or memberib.pariria,.x}} imp
H memberib.x )

ttrw amemberib,partita, kwlli {use listinfo) {(open partl? (open member))
ttrw smemberib.partria. Kull)i {use listinfo) {open parir} (open member 3 )

tue ({p . "lambda =x.all a b.memberib,partiia,x}}) or member{b,partria,x)) imp
memberib,x 1" 3}
listind
tuse -2 -1} (use istinfol}
tlabel member_partl_partr_only_if_step}

tassume ‘all a bomemberib,parlli{a,x)}) or member(b,partri{a.x)) imp
member(b.x )i}

{labei memher _partl_partr_only_if_ih?

tue (fa . a) (b . bdy x)

(label member_partl_partr_onlv_if_lemma)

fassume “memberib,parti{a.consi{c.,x1}) or memberi{b,partria,cons{c,xhii")
Llabel member_part|_partr_only_if_premise)

(assume | leqlc,ali)

{rw member_partl_partr_onfy_if_premise
fuse %) {use lislinfo)
tpart 1 (open partl? {open member )
ipari 2 topen partr)))

5
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fderive "c = b or member{b,x)"

(2 member_partl_partr_onlyv_if_lemmal

{fuse listinfol)
{trw “member(b,cons{¢c,x)1” (use %) (use listinfo) (Open member)d
({label member_paril_partr_only_if_casel)

Cgssume inol legle,ali)
{rw member _partl_partr_only_.if_premise
fuse 21 {use |listinfol
(part | {open partl )}
tpart 2 topen parir) (open member i)
{derive "¢ = b or memberib.x}”
(% member_part|_partroonivoifolemmal
fuse bistintall
Cirw "memberib,cons({c,x33" (use =) (use listinfol) {open member )
{label member_part!_partir_only.if_case2)

{derive "legic.al or not lealc.al”)
Ceases £ member _partlopariroonlyoif_casel member_partl_partir_only.if_casel)

{ci member _partl_partir_only_if_premize %)

{derive

"all a b.memberib,partifa,consie,x) )} or menber{b,partria.conalic,x}}}) imp
member (b, cons(c,x) )"

L]

Loy member _partl_partroonly_if_ih %]
{rw member_partl_parlr_oonly_if_slep (use ®1)
{labe!| member_partl_parir_only_if)

PAGL &
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HHH MACRDS, LSP

trletmacro use _ib (ih assumption label
“{proan
tue (ix , x}) shorter_parti_head_tail
[se ,assumplionl
fuse listinfol)
tue (v . "partliheadix), tailixi} 3} ,ih
{use ¥) (use listinio} (use ,assunptionid
(iabel .label?
(e (6x . x1) shorter_parte_head_ Lail
TUse .assumption)
tuse listinfoll
tue (iy . "partriheadix}. tail{=x})" 1) .ih
(se ) (use listinfo) {use ,assumpliondd
(tabel .labell)}

(defmacro use_ihl {ih assumpftion label )}
“Lproan

fue (lx . %)) shorler_part!_head_tail
luse ,assumpliond
tuse listinfoll

tue (iy . "partiitheadix), tailix?)™ ) {a . ak) ,ih
tuse *) {use listinfol} (use ;assumption)?

Liabel , label )

ftue ((x , %)) shorter_partir_head_tail
{use ,assumplion)
luse listinfalrl

tue iy ., “partriheadix), tail{x)2)") ta . a)) .ih
tuse ¥) (use listinfo) (use ,assumpliond)

{label .label)d?

tdefmacro casesd (casel case? cazed)
{progn
{derive "% = ku oF not x & ke & tailix) = ku or
nol x = ku & not tailix) = ku”
listinfo)
icases # ,casel ,case? ,caselrl)

143 18: 38
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M OS50RI_IS_TOTAL.LSP
(proof asorti_is_total)

sTheorem (gsort_is_total ):
rall om.listigsoriixd)

{laxionm “all =, x '= ku & taskix) "= kuy imp shorteriparii{headix ). taillxil,x1"}
{label shorter_partl_head_tail)
tThis Lheorem is proved in PARTITION_LEMMAS,.LSP.

tasion "all =, = !'s ku & taili{x? !'= ku imp shorteripaririheadi(s}, taill=¥i, x3"]
tlabel shorter_partr_head_tail)
This Lheorem is proved in PARTITION_LEMMAS.LSP.

Tassume "all y.shorteriy,x) imp listigsortiy )™}
{habel asort_is_total_ih?

lassume “x = ku”)
{1rw “Hrst(gsortix) " (ouse listinfo) (open gsort) (use £))
ilabel gsort_is_total _casel)

tassume “nol o x = ku & tailix) = ku")
(trw “listiasortix))” luse listinto} topen gsori) (use ®))
Clabel gsortois_total _casel)

lassume "not % = ku & not tailix) = ku"J
(label gsart_is_total_cased_assumption)

{use_ih gsort_is_lolal_ih
gsort.is_total_cased_assumpiion
gzori_is-total _casei_partition)

(trw "listigsortix))”
fuse listinfol
topen qsort)
luse gsort_is_1otal _cosed_assumption)
luse asort_is_total_cased_partition))
(label gsort_is_total_cased)

teasesd gsori_is_total_casel gsort_is_total_case? gsori_is_total_case?)
(el gsort_is_total_ih ¥}

tue ({p . “lambda =.list{gsort{x}1")) sharterind {(use %}

{labe! gsori_is_total)

tlabel listinfo)l

FAGE
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(proof asort_sorts)

taxiom "all x.listigsortixi)")
{label listinfol
iThis theorem 15 proved n O30RT_IS_TOTAL.LSF.

faxiom "all a x b.memberib.partifa.x}} imp leglbh.a?"
Clabel partl_ledg_key}
(This thearem is proved in PARTITION_LEMMAS,LSP.

taxiom “all o x b.meaberib,partria,x)) imp not leglb.al™)
(label partr_not_leg_key]
iThis theorem is proved in PARTITION_LEMMAS, LSP,

Caxiom "all x.x != ku & tailix) != ku imp shorteripartiiheadix}, tailix)i,xd")
[label shortler_partl_head_tail?}
SThis theorem is proved in PARTITION_LEMMAS, LSP.

fawion “all «, = != ko & tail{x) != ku imp shortferiparirihead{=).tail{x}r,.x1")
{ label shorter_partr_head_tail}
vlhis theorem is proved in PARTITION_LEMMAS,LSP,

Caxion "all a x b.member({h,.x) imp

member (bhypartita,x)) or member(b,partria,x})")
Clabel member_paril_partr_if)
This theorem is proved in PARTITION.LEMMAS,LSP.

taxion "all a x b.member{b,partli{a,x})} or memberi{b,partria,.x?) imp
member{b,x)")

tlabetl member_partl_partr_only_if)

i This theorem is proved in PARTITION_LEMMAS.,LSP,

‘Theorem {member_gsort_if):
tall o x a,memberia.gsort{x]l) imp memberia,x)

tassume “all y.shorteri{v,.x) imp (all a.member(a.gsorti(yv)) imp member{a,y ")
tlabel memnber _gsarl_if_ih)
fassume "x = ku®)
Ctrw “member{a,gsort{x)) imp memberia,x}”
tpart | {(use =) {use |listinfol) (open gsort) (open member i)
(label member_gsort_if_casel)

(assume "not x = ku B tailix) = ku™}
Cirw "memberi{a.aosartix}) imp member(a.x)”

fuse *)3 (use listinfo) {(open gsort) (open member )}
{label member_gsort_if_case?)

(assume "not x = ku & not taillx) = ku®)
{labet member_agsort_if_cased_assumption)

fusenihl member _gsort_if_ih
member _gsort_if_casel_assumplion
member _gsori_if_caseld_partition)

fassume “memberia,gsortix)}™)
tlabel member_asori_if_casel_premise)

1
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(rw = {wse member_gsari_if_cased_assumptionl
{use listinto) (open asoril)

tue (la . "head(x)"}
(% , "gsoriiparti{headix), tailixi)")
iv . "gsortipartir{head(x)}, tailixiyi"}
(b . ald

member _append_ lemma_if
(use %) (use member_gsori_if_vased_oassumpliond)
irw ¥ (use member _gsort_if_cased_assumption) (use listinfol)
(derive "member{a,partl{headi{x),tailix}}) or @8 = headix)} ar
memher{a,paririheadix). tail{x3}3"
i* member_aqsort_if_casel_partitionl)

fue (fa . "headix?") (x , “tailix)™1 (b . ad}
member _part | _parte_ooly_if
tuse member_asort_if_cased_assumption)
fuse listinfodl

lderive "memberia.tailix)) or a8 = headix)"” (-2 %)}

(derive "“member{a,x)" %
(use member_gsori_if_cased_assumptiond
fuse listinfol
(open member ) )

{ci member _gsort_if_cased_premise =)

{label member_gsurt_if_caseld}l

({casesd member _qgsort_if_casel member_gsorti_if_casec? membor _agsort_if_cased)
{oi member _gsori_il_ih %1

fue €itp , "lambda x,all a,memberi{a,qsortix}) imp memberia,x?" 1}
sharterind
(use =)
{use listinfol))

(label member_gsaort_if)

sThearem (member _gsort_only_ifd:
sall x a,member{a,x) imp member{a,qgsortix))

{assume “"all yv,shorteriy,.x) imp {all a,memberla,y ) imp member{a,gsort{y13)%)
Llabel member_gsort_only_if_ih)

(assume “x = ko)
Ctrw “"memberi{a,x) inp member{a,gsortiix))h”

{part | (use =) {use listinfo! (open gsort? (open member ) )1
tlabel member_gsourti_only_if_casel)

Cassume "nol x = Ku & tailix) = ku")
Ctrw “memberia, ] imp mepber{a,gsar iz 1"

{use *¥) (use Jistinfo) (open osort) (open member))
{ltabel member _gsort_only_if.cased}

lasgume "nol x 5 ku & not tailix) = ko)
(label member_gsort_onlv_if_casel_assumptlion?

fuse_ihl memnber_gsort_only_if_ih
menber _gsorloonly.ifovased_assumplion
member _gsort_oniv.oif_cased_partition

PAGE 2
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tassume "memberi{a.x)}")

{ label|l member_gaort_onlyv_it_casel_premisel

(rw = {use menber _gsort_only_if_cased_assumption)
(use listinfol) (open member )}

fue tla . "headix?") (x . "tailixi") (b ., all
member _partl_partroift
tuse member _gsort_only_if_cased_assumption)
tuse listinfull

(derive "memberia,partiiheadixi, tailixir} or a = headix} or
member{a,paririheadix ) tailixrr}”
i-2 -1

{aerive “memberia,gsuertiparttiheadixd, tailixt?l) ar a = headlx} or
memher(a,gs0rt(partriheadix), tailix))i"
{2 member_gsort_only_if_case3_partilbionl)

tue (ia . "headix?™)
{x . "gaortipartifheadix), tail{x2d3")
{v . "psortipaririheadix}, tail{xdi}")
b, all
member _append_ | emma_only_if
(use *1 (use member _gsorl _only_if_cased_assunplion) (use listinfoll)
(irw “memberia.gsortix?)”
tuse ) lopen gsortl)
tuse member_gsort_only.if.ocased_assumption)
tuse listinfoldh

(ci member_gsuri_only_if_casei_premise #)
[ label member _gsort_only_ i f_caseld)

(casesd member_asort.onlv_if.casel
membher _gsort_only_if_casel
member __gsort_only_if_casel)

teir member_gsort_only_if_ih #)

{ue (ip . "lambda x.all s.memberia.x} imp memberi{a,gsortixii" )]
shorterind
tuse =)
{use listinfoll

{label member_gsort_only_ i1}

iTheorem (sorted_gsort):
sall x.surtedigsortixl)

{assume “all y,.shorteri{y,x) imp sortedigsortid{y))™}
tltabel sorted_gsart_ihl

(assume "% = ku"}
ttrw "sortedigsortix))”

(use =) (use listinfol (open gsort) (open sorted))
tlabel sorted.ogsori_casel)

lassume "not x = ku & taili(x) = ku™}
tirw "sortedigsort(x})”

(use *) (use listinfol} (open gsort) (open sorted))
{ilabel| sarted_gsori_case}

toassume "not x = ku & not tailix) = ku®)

3
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{label sorted_gsaort_casel_assumplion)

(use_ih sorted_gsort_ih
soried_ogsort_casel_assumption
sorted_gsort_cased_partilion)

{assume "memberib,gsortipart!theadix ), tailindbii®)

tue (ix ., “partitheadix), tailix)}") {a . b)) member_gsort_if
tuse *) (use sorted_gsort_casecd_assumption) {use listinfol)

fue (ta . "headix?" ) (x . "tail(x)") (b . b)) partl_leg_key
fuse =) (use sorted_gsort_cAsed_assumption) (use listinfull

lci -4 =)

tassume "memberibh, gsortipartriheaddx i tai bdxd 1™

tue ((x . “partriheadix), tail{x2}"F {a . bl) member_agsort_if
tuse *) (use sorted_gsort_cased_assumption) {use listinfol)

fue (ita o "head(x?") (x . "tailix)") (b . b)) partr_notl_leg_kew
tuse *F1 tuse sorled_gsorl_cased_gssumplion) {use listinfol)

g =3 =)

{ue {ta ., "headix}")
tx , "gsuriipartidheadix),. taillxk)i")
(v . "asortipartrihead{x}. tail{=x)23" 1}
sur ted_member _append
(use sorted_agsort_cased_partiliond
fuse -5 —-11%
{use =orted_agsort_caseld_assumption)
fuse listinfol)

(trw “sortediagsortix)”
[use &}
(use sOorted_gsori_cased_ assump?iond
(use |istinio)
lopen gsartd)
{label soried_osort_caseld!)

lcasesd aortedogsort_casel sorted_ogsort_case? sorted_gsort_caseld)
(vl soried_gsaort_ih =)

fue {{p . “"lambda x.sortedigsortdixii” 1)
shorterind
luse %)
(use listinfall

Llabel soricd_gsart)

14:18:50 PAGE 4
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{wipe=out )
{proof real’

tdec| plus (type jd{ground.grovnd, around*):ground) )
tsyntyvpe constant) (infixname +)
thindingpower 9300 {(gassociativity both))

tdecl times (type Jluround, ground. around® ) ground!? )
Csvnivpe constant) (infixname =)
Thindingpower 935) (associalivily both))

tdecl {seru wunit) (svnivpe constant? (type jground! )

tidec] tao bb ceol {tvpe ‘ground! )

Caxiom jall aa.l aa + rera aa B Zero + aga = agall)

(label simpinfol

taxion tall aa.t ga = unit = ga & wnit * aa aali )

{label simpinfol
tdec| (ff g9g hhl (lype !ground:around! 1)
isimpfacts

fasiom izero = gpit))
[fabel simpinfo)l

tmultiplication

taxiom +all aa. aa ¥ 7Zero = zero B Tero T aa = zern’)
{label simpinfo)

taxiom jall aa. aa ® unit = aa B unit £ ag = aa!)
Clabel simpinfod

{Taxiom 'all aa bb., aa = bb = bh * ag!)
{label product_commute i |abel commute)d
raddition

taxiom jall aa, aa + zero = aal)
{label simpinfal

taxiom iall aa bh. aa + bb = bb + aal)
(label plus_commute ) label commutel

taxiom (all as bb cc.aa + bh = aa + cc iff bb = ccl)
(label simpinfolflabel plus_cancel)

taxiom 'alil aa bk cc.bb + as = cc + aa iff bh ooy )

{label simpinfoi(label plus_cancel )
rextensional ity

taxiom tall § g.tall x,fix) = gix}) iff f = g!1
{label ext)

PAGE
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faxiom !all @aa bb ve. as ¥ (hbh + cc) = aa * bbh + ga * col)d
i lubel simpinfolilabel distfacts)
caxiom |@ll aa bb coc. faa + bb) * co = aa * coc + bb % Cgi)
{label simpinfol{label distfacts)
igeel nilpotent {(itype !ground:trutheal i)
tdec! (d dl d? d43) {(type ‘grownd! ) (sorl ‘nilpotentidd
ider! derivation
ttvpe (lgroundiground):iground:igroundl} {pastfixname 1)
thindingpower 9900}
{faxiom tall | as d, ftaa +# d) = flaa) + d = ({')aadi)
{label taylor)
fdec! tfuncoplus (type ({iground:gsround?.iground:aground)}iiqround: around’? }

Cinfixname ++) (bindingpower 9300}

(idefine func_plus “"all f1 2, f1 ++ f2 =

{label func_plusdet)
tdec! func_product (tyvpe ({ground:ground), {graund
Cinfixname *¥%) {(bindingpower 93501

*x f2 =

{dgefine funcoproduct “all 1 f2. 11 | ambda

{label func_productdef)
Tall d. d ® o =
simpinfol

[ axiom Tero” )

{ label
d.d = aa = d = pbb) iff aa =
tavior_unigue)

rall aa bbh.tall
simpinfoldlabel

{faxion
({ label

d.aa = d = bb * d}
laylor _unigue)

tall aa bbe.(all iff aa =

simpintoll label

{axiom
{ label

#x g)' = g %% f' ++ f ¥ g°
Cirw

vall

tabl d.{if *f gliix+d) = fix+diTgix+dl!
d.(f =x giix+d) = f{x+dixgix+d)

[rw =
vall

luse tavlior mode exact)
d, i1 =2 giixi+de({f =% g} 1ix) =
fixi®Egix)+degix)eif’ pixleduf{xin{g I({nd

{rw £ (part | tpart | {(part | {open func_product))
vall d,oded{{f =2 g) " )(x) = deg(xlx{f " I(xi+definlzig

vall dod=gixix(f M xitdefi{x)sig  Jin) = dxilg
topen tunc_product) (open func_plus)k fuse dis
dodegix el f* M xdrdefixnix(g’ Mix) = dxig =x {°'

(irw

vall

(Frw
U

"-2" {use ¥ mode exact )
¥ gl i) = (g ®xx f° ++ f 2 g°" )(x)

| ambda aa.

(use distfacls mode &lways)

fliamal + t2{aal”}

tground) iigroundiground i)

fltaa) = {2{aal" )

A,

bk )

[

(Open func_product))

(use produci_commute} )

]
"ix)

#x ' ++ f xx g' Jix})
ttacts)}

++ f x=x g }ix}

PaGE 2
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(derive tail =.((f ®2 gl ")ix) = (g % §° 4+ §f % "W x)| =)

lrw * (use ext))
if %% gyt = g &% f° ++ f %% g°

viian {0 v+ g)' o= [ 4+ g°

ftrw dall d,0f ++ gilx+d) = fixg+di+gix+d)) {open tunc_plus))
rall doif ++ glix+d)d = fix+dieqgix+d)

(rw ®# (use tavior mode exact) (wse plus_commuted
vall d,0F ++ gliwl+sdsiid ++ gi'iiw) = fixl+gixitdeif M xi+d=ig” }i{x)

(irw ¥ (parf | (part | (part | {open func_plustliiis
vall dodeiif ++ 9} 1ix) = de(f" Mixhedeig  Iin)
Clabel tmpl}

ffrw tall x d.de{f" Jixi+deig™ dix) = da{f" ++ g ¥{x1!

tlopen func_plius) (use distfacts mode exacl)))
soll ow o dodEif T diwdedeigt Mixd = dE(f" v+ g*)ix)
Clabel tmipl)

(rw Impl tuse tmp2))
U0 ++ gl gy = (F" ¢ g M x)

lderive tall x,00f #+# 93" 1(x) = (&' ++ g " Vix)! £

(rw + (use ext))
T o+t g)t = 1t v g

l4:17:04
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{wipe-out}
itproot robinson’

{decl st (type ‘groundiground! ) Usyniype cunslant 1}
{decl standard (type lground:truthvall) (synlype constant 1)

{deel near (ivpe !({around,ground):truthvali} (syntvpe constantd
tinfixname [™1) {(bindinapower G003}

{dec|l compact {ivpe siground:truthval Jitruthval t) (syntype constant))

tdefine compact "all p. (compaciip) = all ¥.ipix) imp plstixii32"0
i labei compacidef)

tdecl cont (type (tlground:ground),around):truthvali) isyntype constant})

(define coant
“all f r.iecontif.rd = all y,({istandardtr) & ¢ ™ vy} imp fir) ™ fly)d1")

tdec! unf_coni (1ype tetgroundiground? . faround: truthval dritruthealsd
(svntype conslant))

tdefine unf_cont

"abl f p.tunf_eontif,p) = all x v, ilipix} & plyd & x Yoy odmp flxd T fly3d11T 30 label

Caxion "all =, x« 7 ®x7)
{fabel near_eql

taxion “all x v. x © v iff v 7 x"}
tlabel near_.eq?

axionm “all x v £, (x 7y By T oz} imp x Faa

i label near_eglilabel near_trans}

taxiom "all x. standard{stix})"}
{label simpinfol

faxiom “all x,s5t(x1™x")
{label simpinfo?

v PROOF

lassume 1pixdtepiviil
ideps: taspl?}
{label aspl?

{assume Sall x.plx) imp plstixi)i}
vdepsl (aspl)
( label wspd)

lassume 1x7wil
tlabel aspi 2
ideps: (aspl)

tirw !stix )™ xBx™y imp sti{x)™y} ({nuse simpinfo} {(use near_-trans)l}
vEtEN T RAR Ty imp sk )Ty

(rw # {use aspilr)
patlx ™y

]
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vdeps: (aspdd

tue ({x . I1x31)) asp2 {(use @spl))
HUILERR
+deps: {aspl asp2)

labels: aspd

Cassume fall =.pix) imp conld{f,x)!
vdeps: {aspd)

{label aspd)

trw aspd (open cont))
sall xopixd imp tall y.standard{xl&x™y imp fixI™fiyi}
tdeps: (aspd)

fue (0w . ist{x)id) & nil)
iplstex ) imp tall y.stix)™y imp Tlstixn ) )™ fiyi)
ideps: (aspd)

irw ® (use “-4"))

all y.500x)™y imp T(stExDI"Fiy)
vdeps? (aspl wsp? aspd)

(iabel hipll)

fue (dy o 1wl ) %= pil}
vEtix ™y dmp Flstix))™fly)
sdeps. (aspl asp? aspd)d

(rw £ {uxe “=7"13%
RS A I T
rdepst {aspl asp? asp3 aspd)

tue (v, xJ) hip1l)

tderive "fix1"fiyd™ (11 12 = "2y 28
tol taspl aspid) £ njl)

splx thply 1Bx™y imp T{x )™ fi(y)

rdeps: lasp? aspd)

(derive tall x yv,.pi{x)epiydhx™y imp Flxd™fivii %)
sdeps: (gsp2 aspd )

(ci lasp? aspd)l =)
vlall x.ptxt imp plstix)IIB(all x.plx) imp cont(f.x}) imp
tabl x yvoplxibply bbx™y iap foxI™f(y))

trw ® ({use unf_contdef direction reverse)
fuse compactdef direction reverse)})
reompactipdéiall x.plx) imp coniif,x}) imp unf_cont{f,pl

Vi i0ED
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