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NORBKEASCEXRATVS, Thid, HABTHERD, COEFLT.
ground aton ARETHICEEYUBTAEREADEREITIC L L. — O
PRTUILE., BHUCELOMOFEORMERLLCLE D, BOERHERR S
BIEHNTEFS,

COFLIVILCEIOT GO IBL2OUNIL, RTNEERE LTOR S
ﬁ%?ﬂ%ﬂfhé,%ﬂemﬁﬁﬁu\3<®ﬁ%ﬁﬁ$ﬂﬂﬁ?%%ﬁ_m
mﬁﬂ@ﬁﬂ%ﬁﬂ?%mmﬁfﬁht?mjuIﬁﬁﬁﬂu\Eﬁﬁ&ﬁ?,
TOEIGT7NIVTLDFEG, BSHICOuhen [Duhen 54] QXL L FiES
éuﬁmiﬁm.%mﬂﬁﬁ%1MEtéﬁbTw%,:Biﬁm\ﬂﬁwﬂﬁ
DFREHER > T2 uher-Quine ORHE [Harding 76] L LT, HETH
ﬁﬂihé¢5R&ﬁtﬁthi$£mﬁﬁﬁﬁnt,fﬁﬂﬁ?mjuxﬁt
%ﬂiﬁﬁfé—ﬁﬁﬁﬂgﬁﬁzmjUILW#EH~Eﬁﬁﬂmﬁﬁcﬁy
PEFNRRE_HIZNBLAAL, FERRPLTY LR, MHBKSEOD
E%ﬂitﬁm&ﬁ?:ﬁam~Dﬁ???ﬂ#?&@ﬁﬂﬂ&bf%ﬂﬁﬁ%
BRELTWS,

—E‘ﬁma¢?ﬁ%©ﬁﬂ&ﬁﬁ§ét\tEnaNCHﬁm,CmﬁﬂE

TCOBLDDELLETHD, LALERS, CRKLDPESNLHEIT. o
TEETE%EEE%EH?@@tmﬁ#f%ﬂﬁmn%hﬁC@KE%REH
WIR, R20ORCESRETS. TREULTHLHIC, TOHEUIIC. 1hE
FLORBEZRIMAZHENIZELEERRL NS,
BE{LEAT (refinenent operator) i, WBAELSORB P LTY XLDA
?x—ﬂfﬁ%,EEE—EHQEEEEE?E‘ktiﬁ$ﬁm3m?mju
Iht%jfﬁ\$Uﬁﬂtﬁéoﬁé¢53ﬂﬁﬂtﬂb,EEEHﬁ?@E
iﬁﬁﬁﬁﬁn‘E#mﬁﬁlmﬁﬁfﬁﬁt!&w{ﬁmmﬁﬁtﬁﬁ$ﬁﬁ
NEND, FRE-BRNERELREFHIEES N, HE0 1 BRI0ETI Y
LTRETHEDICEH SIS,

CnEm:jmmEmE&EEjmr‘—ﬁﬂ?ﬁﬁﬂ&f?kﬁ%?mju
Ihﬁa%EE?HﬁEﬂTwénit‘Eﬁm#mw%?m%\ﬁéﬁﬂTﬁ
—HTDCEBAMWENTND, 2/, WEIADAL Y TURAYF—SaY b
%ﬂﬁﬂﬁahénmﬁiuﬁmaﬂrwbmﬂﬂﬁ&E:@Eﬁ%ﬁ%#éﬂ
MERLTOS, 2K, BRIB, TOPLIVZTAESAYTURA YR LEEF
mH%?ZTLm%$ﬁﬁﬁﬁnrwa‘Kilﬁhmhmmﬁi?%vt+ﬁ
Em#iznarEras,
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2. MEDEA

RETR, SoERKTTMERABALIRN, TFLHRSZLIV LLORK
SEEHTD, CCTH., BULtEREFCDVWTORASALER SN T AN,
COERR, BRAEFEL L TRECENENETHL LV S PopprerO ER %
ﬁbbfh&aitxﬁﬁﬁmﬁﬁ&ﬁﬁE?Wﬁﬁﬁﬁﬂﬂmﬁ%ﬁﬁfén

2.1 ETFLMEERBEFLIVUIA

EZANATRAFOERLE, tRCELORBELMETZS £ 12 ([Robins
on Eb]'ﬂ*Eﬁ‘*ﬂ?".—k?ﬂ"‘} BERTHD, LOBEE, ROBELTWD,

{P 2. ------ Pl e {Qy Qh} LWk =0

r P's&Q'sid, ?bbth& ;%Hﬁu PSHEOUTFSILTSH
UmﬁiﬁSﬁﬁﬂﬂﬂuTﬁmfﬁéthﬁﬁﬂﬁﬁﬁ@ﬁﬁt\Eﬁ?ﬁéo
COBYIR, Q'SORSHAPOEELDLETLLEBREND, Q' sERXORA
EFENR, P'sid, TORFRAiMIng, TOHEBQ, 2L EBEREOMO T
FRLHARTHA2LEFTT, FTOHERE, FHOPOELTO7FLFRTH S
CkERY, O, TORYTHD, LOEFLTEBRERTES, 17RLEH
FEOMwiz, - eMIng, B =B (Pl «&7FLPEERLENL,
IEBROEWMEDHIZSET L GARLLEILEGY, ERNGHORBS
TR, BYKEETL2IANTOZER., MENKAGENERFATOHSNRTVLEH
gL,

LOBIESWT, 220BAREEENTS T, BWLL ) LRBEX

Ly, T&HD. DGL cL, clL ,THH, CORESE, TANCHNTET
HdH. BEXH, mmttﬁu Fatiz, L, OBYTHS., FRAER,
Lm¢mméf7mMTﬁé g, BEvah526013E, BLAAMTH
Foi “true” . THhOHRE “false " ERT LV IHSENTHEDLET D,
FTOAMIE, MICE>TDO0racle (@) ELidhd, FOlracleic A h% s
A, TOHFURFLE, MOEBREMFINE, BEME2WTOEER, B
<a, V>ORTHS. COBAB, ael &, BAXEL,
Ve {true falsel EMKSH S0 0HBETHIERODERTHD., TFUME
THLGHEINON SR, UTRdhd, S2x2GROFR=FHEL, PH
THeBETHRLHZ (TG EHRTEHKTEFP(TEP #835. BWS
DEENSTFSTHIEDHER, TRXTOP e SKHLT FPTRINERES
B, TR, TESTHD.



EB2. 1: L &L ELOBARBEL MELOEFLES S, 11
L.O€Ly Ly cLTha. BYTCL, DRSH. MTL -z24mi
THHRHDAETHERR, THMTRTHD, THILLEHTHL.,

CC?,Eﬁiﬁﬁﬁtfmﬁ%?wjuxﬁmmEEﬁﬁfsén
1ﬁﬁEmE%La.ﬁﬁ?EﬁEHKE?mﬁﬁié{ﬁmﬁm[ﬂg
R Ly ) #5220, LEBLT. HARMTFTAMICH T 20racTe
(METHSZONTVLETS, TFAHRMTER. ML, 58O
Ly ZERBRERDOHBILCHD,
TTFHERBERCFLIVILR, TFLMRPLTY ZLENERS,
WM&MMS[WME&MWSENMﬂﬂ@EE&%DE&hE‘%ﬂ$5&?
MIVZLOWEES> LERK TS,
EFAMOBER, RROXTF, . Fy . FyL = THE, SITF, &,
ME?MTW$§?@@¢EK,LEWEGHHHE‘i}Dﬁ?@$¥F-“
<a.U}ﬁ#E#&,%fmmEFMjUXAH‘EiﬁntmmgmLﬂt
ﬁbhffmmmﬁfmama\me‘1mc1jmgiﬁa$\tafﬁ_ﬁ
mﬁﬁLhmﬂimﬁﬁié{?miuthﬁmt;mhé}QMb?é?w
JUZLTEHS.,
TTVERFZLTUZAREBENCONDHRAHAL, BREANR S &
t&hb%ﬂﬂu‘memﬁ?ijIhm~ffmm&ﬁt%iant&ﬂ
tﬂmbrwatgnn@.f?mmﬂ?wjuxaﬁﬁmrf?mmtﬁmm
T@&Ennaatm,MBFNT@&¥LT1%®?ijIhﬁMKﬁb
LﬁE%ﬂﬁﬁt&&ﬁﬁtﬂﬁ?éit?ﬁéuf?meﬁﬁE%i%t~
MER L TOracle2 Bl Ca 3, 3, 302 -HTHD, Thid, BAACO
ﬁﬂmﬂﬁtm¢T:h5®H$®Em%ﬁ&9Tw&hcttiéubmb&
ﬁﬁ\E?Tﬁ?ﬁ‘%EEﬁﬁth‘ﬂﬁﬁ&fﬁ%tﬁﬂ&%%ﬁﬁén
%hﬂxEWﬂ?ijILH,EH,MEH?%W%M&%&EHTM&&E
EENTWEhETHE,
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2. 2 HBEMEES
£Tmﬁﬁ?ijIbE“@ﬁmhéf?mﬁﬁﬁﬂmktﬁﬁ%ﬂ@ﬁ%
ML, &Ly KiFabnadiid@sssn. ThREARRC, L, #, EE0H
mﬂn%ﬁui#%mk+ﬁﬁéﬁ$%ﬁhrméamjLttﬁaﬂLnu
NELrhARFROLTVND. COATRNLERR, PopperDAERME
ﬁ%%@btwéuﬂt$nﬁ,Eﬁm,$¥E$D1ﬁﬂi?ﬁétmﬂfh
-
TH®2. 2: L #FMUEFEL. L, ERHEMET L.
<L,.L >b#ﬁmrmarman DINTOTFIMETXTO
TCLhE L‘{aeLu1Tka}=hT\THMTHk&éT%$$
TAHCELHD,

ﬂﬁﬁtﬂat;ﬂ,uﬁﬁmﬁéLh?ﬁtﬁéﬁﬁu.ﬂmﬂmL T.
EBHICHTATNEDD., ChE0, TEEMTHAMTRTHNE, MT
Begdael  HEETE, ST, TraT®Had, CORESL &L, O
ﬁﬁﬁ%@mfﬁLtEﬂKQPML h@ﬂﬁﬂﬂﬂféutﬁmﬁkbf
TCLhﬁMTﬁTEétLTHJ5ﬁ;m&i\MTE*&GELGkﬁLT
TEURBTKaQFSs6M0FRTED, MALD, TBHNGERERET DA,
%neu\LDtLHMHﬁﬁﬁﬂﬁ?é,ﬂﬁﬁﬁ%ﬁm.ﬁmnmtﬁﬂa
ME—HIKTS., 21, ThOoORBRHOER, TOLOLHETHENLNE
EOT, BIHTATATORR (MAE, BOHAYELTHRE, 120RDH

b e T = iLIE*%NﬁT@& ﬁﬁﬂ&ﬁﬁmﬁmmiﬁﬁi
@ HBL. Ly &L, BABENEE, Ly cl'y cl'y cL, EHRTINT

DL, &Ly u FEfEENG,

Eﬂtﬁ&kﬁwT HESHDI2HOEEHNSD., 1208, RAUSHEHL
Maround atoasTH Y., EHREFALOA— R ELGL2ETHL. COELH
LT, MODL, -T&LBE, atomic ~-E2ARELIMENS, O 1T DOOH
i, BA= 1# L @ground unit B THY, EHREFHLEEZHATHS.
E@ﬂ:ﬂb\Lu—x% Ak, ground -RELBLEEFENDS, ChB0D
HoaasRsae, < {atmof L), L>HAFFFNTHIFERT.
BRI, +R&L. LE. 2207 AP, Q. RE8LGETS, PLEQAK
BT, RFAKLGASLOEFAMTES, cOEE, B={{R) <) THD,
T={{R}F.{P.Q}—}ﬁLufmmLt%%n‘anﬁbmﬁ\T
2. MTRTHd, CORE, ROZSOERR, fi-vELatmic -R24H
FTOREBEGCESORTHL2MDORATATEE52S.
=7- [Van Emden & Kowalski 76) &, CORFEORRELTEESIALL,
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FEZ2, 3 L*1EHE&LT
L, = (L®ground atoms} , Ly ~ (Lot -U8BX) £93, CoLE. @
<Ly Ly >0, #BENTHS.

ey : TcLhI; MTHEBEL, THEERET S, L ., TomEEE
THTMERDET S,

T, BHOT, MumméﬂiP—{P}~{Q Q. 1 eT
BEATLHIH, Chd, POAIMTEES (T4, E %%}NWMEMHM
e P ={P })+={0Q '.DE’. ------ - Wy lE=E2Z &R, TF
ugm?,T}Q.'{hr1£ién}aW§CtE&%=
PeTHABTFP fnng, P’ 1, BOBBYTHS. ZOLBE. &0
HE, TEIND. »

EHZ2. 4 LETERIOBRLTA.
L, = {L®ground unit mt} : Lh =LOcE M<lL,. Ly >, 7
BTHD.

ﬂ%:ﬂﬂﬂﬂ%%ﬁﬁaTCLhﬁ~MTﬁ?ﬁD‘TFU%ﬁE?éuT
i3, BTH30T, MTREOE X

p_{p1 PE' ...... Pyl e {Q E ...... Q) eT
bﬁr?énLhm MTﬁmwmm:mmme

._“:: PEF' ...... E }:—{Q 2‘_ ...... 'El‘r.}
6D, gﬂ%im Q, ,Qq . e, G ﬁ HT, P, 'PE,*

vy Py BOESEBBESS. PeTHOT TR, FES2, Chic
L0, T, RELEEOT 0% T, LOTRTOBZEBRT S, O,
BORAXTEHS.
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2.3 PBAuOOEMLAM

NENSERG, EFLMERABORRECHLT, 2BETRSIN+H%0
T, FAE, B40FBAERIOBRMETATHhE, TEXEDES
L. HECEXEREROATI TS, L=, =L, £BRE,

E*:Lﬁ . LD >R, FENTHL, ¥-7TLOB2FELERE, LODGCH
BOFELEABRBEILAEVEV2TVAHN, TOARR., RERXELLTHES
BLOTANTOBRIEREYTS.

ERAORs., BHESLEFEHACEE. COETIHGREBER<C &K
eI LALENFEROEISTEENSHZ, HEOERERR, BEHEROD
ZMHE*BHIFCLED. BAE, LB, W—aRBESin(X) £5DFigurel-
KA 2EAPY S OERTHEAILETE, 2. HHRShA2RNOESE,
0. 1OEATHZELETEH. ALY XHSH, ThEDOETHAE, S, O
/aTHS,

LSOESE, BFET> THWeWOT, Angluin &Hoover[Angluin & Hoover
)R, IXNTOHEHESELSKEDIN(S) #REIL6HORMUESHES
LWeEFERLTNS,

EHNCSAE, OvDRS=FRTLICOHECR. T ARV SOREOH
SENZLELFHD, £k, HB2HFET, COESEFCLED, TOHFEY
AEZ—FLGNE, O LENvOfro0wOBaE28TETY, HH
OWEEEMNELTEZALLA, TOMITABHEITEGVWEESERTER, #
FORSHALOBREFEATWS ., L&A, BET& L Tappend Lreverse
MR ERHEFRL D KESHTH, OudatmicEen =G v oHEN,
TOEBELSZCEEEEsT, LML, EBLETOLEBERET,

in {X) «~reverse (X, X)
7o, reverse ik, Figurel-3 KKRT LS Kappend®Edi- TAREa B S,

LivLEps, B4 TOURTRZINTOARY U8, W2 O AT
DEEOANEAEHILAPY T ThdHETDEHE, append & reverse AT
HZLREMHNCHETILOHORAOHERER T 2BEELEV, TNERETS
i, B40BEBd, Lol bappend&reverse KELTHLAT NIRRT
PEEMNESLLTERFLIUZILTESATHAMBESATHANEND
CETHE, TFURGMBCESMEADEBS S HGAZYEFER, BR7
LMIUZTLELTHEATH SN ONMDEEMERHEEL OBENNSETER
THFEHL, COERE, ANT7AMTRERUYSLLEEYT S, 20, 20
FAFFEARCERLEZWEAS, LhL, TOMTE, HEMOAROR L <
OB TTLGbHRE (4. 28) ., Thid, TTLESHEOENCES.



3. EFLRMEOHE
EFLHAMOCERCEAELL2DOORRMBLRNEL, YTBODc 5SS
EEZE5ATER 172, BRBNKEA LTS hAESANZ tFrARADTO
GILERPOCHRTICOOBBTHS., COLESKIE, 8BEHLC, TOE
EOASHAOMEREAS A TS [(Gold 65, Gold 67, Klette and Weihagen 80
It BB EH BT3RO0V A RMNCHRTANETSS,
TR (Gold 65 Blum & Blum 75] DA, 5251 TWVWS, Gold{Gold 65]
B, BROIC, RAETENAESELE, IXTORMERKCHLT, ChS
OEEBERLCHSO—-RRLS, FELEVIE&ERLE, Bluriz 5 [Blun & Blum
TMm\Eimmﬂ&ﬁ<th?ijILEﬁbTﬁﬂmH—méh&m&
., HBEIEREMETTHAKNB I I EATEBLELTWA, 21, -LD
GHEOTFT, BEFARLEFLIVILR, SEOREFPLITUTADRAD
im%hothéabfw%.mwtﬁmﬁﬂu\Eﬁ?ﬁﬂﬁtﬁﬁahéﬂ
SOENRGELZZ2Q, MG/ ATHILBRELTVWS, COMTR. T570
ﬁﬁmﬁcmmﬁﬁﬁﬁégﬁémmﬁmmhuﬁbmmw%?WM§33ﬁ\
THREND, TLHEBEOh-casyITLERBCHE TAMBETCYERG LT
ALA, BNEND, DL, BANBR LT LA, HESRENER S M
CEE. Hs, BEMGNTVWAEES, TORGOHAS OO BEHLTS
TOE, TOFLIVITLR., SHVHEMB N ETE, h-easvEFLET K-
REDHIENTED, Thiz, BBNERFLTUILADENDD IR TS S,
&ﬁﬂmﬂﬁ?mjuxhu‘1ﬁﬁﬁﬂ%ﬂﬁﬁtﬁzuﬂw1~+ﬁtﬁ
m&€ﬁ11hﬁhnit,ﬁﬂmﬁﬁﬂ?ijXhm\ﬁthEEhtﬂm
HH%?mmmTﬁJ??U?bEhﬁaaDﬁv?mﬁﬁTﬁﬂﬁEtéﬁﬁ
BEREBZEETLIHEN, UTOBKREHhS,

3.1 RBRPLIUZL

BIMBHE<L ) . Ly >ETB, 0y . &y, Gy, ~wBlLy DRTO
itﬂbtﬁhﬁh%mmm&ﬁﬁ?ﬁaafénT1.T B
LOBRRAELTEDBREDENERETHHE T A, TH. DEDBER
ﬁﬂﬁ%ﬂﬂﬂ?ﬂiﬁﬂTﬁé{?itﬂ]ﬁﬁﬁ?tﬁﬁThﬂ{TE&}
EHETS. 3. HROSEOBLT cLLERONEHL., NEOBEERE
TTWBH&EH&Ei@E%M,Hﬁﬂﬁfﬁﬁ?ﬁétﬁﬁéﬂénﬁQHx
ERREFRSE, BETH2. B5. £A0q, p, TEHLT.
ThpaTUlQ) FPTHBE, HETS, COEILERERFOMELT.
ST [Robinson 85) i a,
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UTOZoCRAAMORET. PRIFER, BY40EIHFRITEDILERY
L, L, COERE, ZNOSEHSENCERC LT, HETEHEWN, 7
WIYZLTE, ZOBEEFA T 7257 UAZFLTVS BAODEEL
~HEHENEEZTVHH, EUHFIKILTHS, —B, AR LENWT
Ehhhas, EZ6nANNDHNCHETAIHRYEIHT, RIS EEE—HT
ZOEMENSNUER, ~BCERENTHD, TORKE., AENEHIHRE,
BifTLE, TBCEACNIFTET., COHUEERTIZEKLGSIZAS,
FPLOUZLTAEBTHETAHAETLUOESEERTIISEHICN2HO
A AEMNERCEREPELTEI  ChEDE > LR ENHBICHLTIE
[Hachtey & Young 78] &R . 48T, ORKSLERRFNIE®, ZHET
Ha. ® (i) =nin {n|T, ka, }. CORHR, BHEHARTHD.

akﬁ%mxﬁﬂﬁ%mﬁmi.ﬁ .Da.mmﬂﬁéﬁ\mmiﬂiﬁﬁé
néﬁﬁﬁﬂ$1.¢2.mm@%nT,HﬁEmEEEERLTH@Ctﬁﬁ
o,
{Tkka|%55\1.
whiii-{
(TOHRIRFE,

FPLTUZL]  MBHOEFNLESPILTU LA,

h#&, £2BRARLTD.
Staree E(OY. SppeZ (). TLTKED, £¥5,
repeat,

ROBEF  =<a, V>&, BHAU.

afx, S, KA.

while. %hh“tﬁéaﬁsam H, FETLH
F-i, kafna EFHa, €5, FETS, do
k&g, kK+1&935,

output TI-:

foraver.
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Lo OBES, HHLRUEMNEEL LT, BRCEICEFRTENE, T
Los, Tha, ERILILELALINTON>0LHL. @, (n) =h
(N) THNETEHEBREALLTO, BT, h-easyTHD ENTR A,
T, % MTheasyl , -ZRAWELTHIK>0H, EETNE, EFLM
Bih-easyTHD, HULTMA, h-casyTH L, PLTUTATE. BRT,
MEHETED, THhb, GAHEEBOFEAXLLABEE, COPLTY L
hE&@ﬂE@%MH1%memLG-ﬁ%ﬂﬁtt%éoit1cmmmu‘
TOEb, FELEV, WIME D&,

EE3. 1 h#&, 52RBHNREL, MELOh-easvEF L ET A,
C@ta‘?ijKﬁ1nxﬁETMtﬁ-E#é,

COEREIEYT AL, ROAMsEBET5, TFAHEBROL TUEF
< (HBK) 5BESHROL . -RLeABKELOLDIE, RELGERETA
THEL, BOBAESACESRCTHESEMOER Lo SAABL Al
EETD,

#E3. 2: M%E, H2LRANMhONeasyEFLETD, COE,
KOEIBRKAEETS,

1. Ty B MTHTH 2,

2. ¢ B MTRGBINTONEHLTO, (n) =h (n) T55,

U MG, b-easyTHZ0T, T, RMOBRE L, -52ABLLESS
K1THOD. BEAETATON>O0LHL. ©, (n) <h (n) Tws, ©
DZABEMRTZKEROHSLHE, TATOH | >0KML. «, AMTR
THEO® (1) >h (1) HRTTIB/N @, £, BMTHILKES T,
TWEBLLTOS, SO&SKERSIALBXOERRAR, L <L, 50
TLy KEET D, K, ERXOCORALRI 1 v7y 226 go.
Tg® MOL RERBETHO. T, MCRAESBREBNT S L
ST, T MEBERBE. Tk, REMERUL, R2ABLTHS, T

CTEMBIRTONKHL, &y, (n) 20, (nd THZT EpnM-TH
Do o

EEE1mEﬂ&ﬁtﬁTkEmémT,wH{I}>h{i}aféﬁmfm
2T, ‘Dr-;z (1) =1TH5.
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TH3. 10EH: k0%, HTOE34RMOKET .,

1. T, 3. MTH,

2. @ H\MTﬁ&aantﬁLmh{n}ih{n}.
FOESBKIE, MBS, 2RENHEET B,

k<KQETHERDKIL, DECLDONSDREERE LA,
HL. T) FAH2ERELEDAK, MTHEIW<OPDE, KHLT, T
f Frm @ QETBN>0BFETB, T, &, FH2ERTH, KB 1%5H
calfEl L, £L, ONRBREEALED. MTBAZNCOND 5
£33, CCTV T, FaTH3. T, ha A6 RAOnzn1E5 50
EFBNULTAS, YS50HEETE. NnSHOEEFEC L, white-looph &4t
BRESN., KDESAENTE, 22T, EEOETELLASZ L, PLTY
Ih1m,K{kUEﬁ?éﬁETHWFNTEﬁféﬁﬁﬁx—ﬁ\Cﬂ?m
TUZLHNODT, ERMTHASH. BAOKALEHRL THEEA LAVE
33, TOBAR. 1, #. MTHET, h (1) 2Fy 7TMTRESIXTO
ﬂi%1gm?émﬁT@én%@tmﬁxﬁmﬂmﬁﬁﬂmbtﬁx?MjU
ZhiE, T, ERAL, ZHe, REDEMELHLENESS,

3. 2 HRENGFPLITUXLOEHRR

FRIDUZLTR, EEORBBERhCHTSE, TAXTOh-casyEFLE, &
BT, Q—-@\TeIRPMR LTV I LNTFETSIZLEE, RLTWD ., A
TR, MRS 7LITV XL RENTHDL551E, HHEHSN-BERE%H
KT Hh-easyEF MK EBTH - HHFNETHEZEERT., CRICED,
HEBOCORGPLIVUZLADBEADIRER IV S,

EH3. 3: F; =<a,,tre>, T8isnOIRXTOHFICHL,
THa, E@HTRE, FXF, Fy . F KWL, BXTR, AEHTS
LHETHNhd, o

LRTNTVWEFLIVILINY, RENTHZ, CORER. #arLTy
TLEML, S8R THLINMOLISCELONS, TRiL, Blums OB YT,
TREFH GV DIMDBENEHR FLTUILA, BN TWE T4+
TOFTHD. ROZHI, AENTRRINLTYZLAEBERTRIL, h-easyE
FTLHENABTHESHEERLTND.,
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THEH3, 4 : [ %2, ERLENTEZRENSEMS PLI LTSS
Do CDEE, 1T, ~BE2RANEhAFETS, 7505, [ H., LD
EFILVMER—-H#THE56E, M2, h-easyTH 2.

AE  FEOMEMI. 5S40, I T—HAREFLITUZILIL HEETE,
[" B, [ERULSBWREATHED, TATOFELZNLONELIESS,

S{n}%%ﬁa={{a1.v >,<n2,vn},m.can.v > )
EOOFEOGVERNETS, kL, TR, G250, TATHO ¢ 5
(n) KHL, COMFT, cOBEEFEALLEEL, N+ 1BEQ0EEERMA
Gkl [o] %2, BEOBIPLIVZIA]L OHAOL YTy 2 ATHEDE
E&RTD, | BOOMIRKTOREERCOT, [ [0l R, BYLTETS
b, HETETHS,

1" B, AEMTHIOT, IXTOCeS (N) &, ODTXRTOHEE
Fi-{ai,w%}tﬁbhhiﬂﬁmﬁﬁR?¥7Fk=l[G]4THF
Giim?nita%mtﬁﬁxmk{ﬂ}ﬁEﬁEﬂ~V~=Um£?é?N
TOIRHLERKAS (0S5 15n) , AR, ROLSEEMAERNEE
RT3,

hi{in})=max {® {n)|k=]Ia].UES{n}.vn=uw}

S(N)ORTER, ZHEZZHLVOT, IXTONKHTZ20¢e (n) #,
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FLIVZLEFEIATED, ERHABE G- EHASSHMOE>THMEERE
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B, COPLITI) X LbiFigured-] TRENZABHEM THEPAINE
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HHLTM63¢~EPFG%iﬁ?a:mtmmwﬂPkiﬁ}%va?ﬁ
EﬂF&.mmEmﬁFééﬁﬁkﬂﬂwﬁm,fﬁTﬁﬁC&Tﬁ%g
COREMEZAT7ZR, BOLS5GHOTHD,
PrEadresolve((P—0) CO)ERVENUH T E, CELT PeQ 2
=/7A4ENG. COFPAT7OE%SH#R, ROLSEBANCRLENS -
ﬁbxQ=anPﬁﬁ?&hH\WPhGu‘ﬁT§D\WHHEEH‘HH
CEE%E%E?HmmnmeﬁEHMEﬁHEaETNEﬁEQTEttat
ﬁenéﬁﬁmﬁﬂ$ﬁﬂﬁﬁb?.Pﬂitﬁﬂaﬂé?bhﬁfzhaﬂ‘
HESCENRD2FERA L, REMCRELLS,

Cm£31ﬁﬁﬂmqﬁ?§&,%ﬂtm.%b1Pﬁﬁ&?lhanxﬁ?
HREBP<QE, Bkd. TORE. THCEE, P«Q 1T 7o
b\MﬂWueuuﬁmﬂfyzﬂylfgg.ﬁﬁ4.EGEﬁTE\HEt
nﬂm‘E%mﬂﬁﬂttﬁmmﬁaﬁfﬂ¢?ﬁhhtﬁﬂﬁﬂ§?étmm
%EﬁC$¢TEUtﬁ1C@EM\HMWGJ:?4#—ﬁsy¥E5a\#
BFENORECI> T, ABNCERIATHL S,



LR, RCAT quicksort 7O S AET Ay 2T 38K, 2 -4 H, Fi
gure 4-3 70X S LEEHULLEERFVY-ATH D, O auicksort 704 >
L. BE. wWEohMdiEDo TS, TheOmig, 225G0WHTH21Z
b, HiTHhALVRTH2 DT S,

gsort{[¥ | L], L0)+—partition{L, X, L1, L2},

gsort {11,013}, qsort (L2, L4), append (L3, L4, LO).
asort([1,[]).

partition([X | L].Y. L1, [X | L2]) <+partition(l,¥Y,L7,12).
partition([X ! L], Y.[% | L11,L2) « X=Y,partition(l, ¥, LT, L2),
partition((1, %, [1,[1).

append{[X | L1],12,L3)~aopend (L1, L2, L3).
append ([1, L. 1).

TNASLOEB* T30, TOERTIREENZ2ENE S, asort{
LYME, VAR YAUZAR XEYV-bLEEOTENE, BTHA,
partition(L, X, 11,124, V14, X LTOER LES&H, 2K, X LDAEWE
¥ LEenid. HTHS. LFOETFHLV-2T, ‘'|" T, BUZ2ATHR., 2
—-HFILEOAHENRTED, BODONWE, YAFLOHENTH S, quicksort 7
O S LEETFLTHES.

| 7-gsort([2,1,2],X).
X=[]
Chid, FLLBVWRET®HD. TOT. backtrace ZWTHLTH 2,

= Mbacktrace &£, FE2. gsort,partition, appendic @ @3 ‘true” Fizid
‘false " TEASERBOHEMET S,



I 7-backtrace(asort([2,1,2],X.CE).
partition([],2,[1.11?

| strue.

partition([2],2,17.[2]).

| .false.

£=11.
CE=(partition([2],2,[1. 121} «<partition([],2,[1, (1))

backtrace [, R &L T, partition OBPOWME, |ULE. COHIEE, 2
@ﬁ%ﬁmHWEWE\%mﬁﬁHﬂETﬁém?ﬁﬁ?ﬁé‘h¥mﬂﬁﬁ%
EEnNTWEWEWIBEELDBOAS2, COUBLOEMAT, COTE, &
F¥aé,

partition([X | L1.¥, L1, [X ] L2])«X>Y, partition(L,¥,11,12).
TLT, TORLWTOSSIAE, BETLTALS,

[ 7-gsort([2,1,2]1,%).

X=[]

TR, SITLESVBROEERIOT, S0, backtrace 2T L TR
L9,

— 35K -



| ?7-backtrace(qsorti[2,1,2]. X}, CF)
partitien([21.2,12].1).

| strue.
partition([1,2],2.01,2].10}7
| :lrue.
partition([].1,[1.T1}?

| :true,
partition{[2],1.[1.[2])7

| strue,

asort([]. [1)7

| rtrue.

append([], [1, [1)?

| :trye.

asert{{2],[1)7

| :false,

X=[1],
CE-(gsort([2],[1)«partition({1.2.11.11).
asort([], [1),asort([], [1},append([1, [1.00))

4, CEld, REELT, qsort ThEases, HELTWS, gsort([2],[])
FLTNTOHTI-LG, EELOEERLECELEE, BATES. HA W,
T Mpartition H, BRERETERSITOER+2IHEILE, BIL, b
NKDTHD. Thbhs, appendDFTCHUEEETHE, TRAHAUEKCES,
gsort([¥ | L].LQ)«partition{L,X, L1, L2),qs0rt (L1, L3)
qsort{L2,14),append( [X | L3], L4, L0).
gsort([1, [Nk, W2 TH, TOFPLITUZLKEIDFAMENDH, BOOTF
AR, TOESE <qsort([1, (1), true> AAF -4 R -AAKERINDZOT,
-3, —ELEH, TOHRBCGPESENLSTC, F8LES, E0HED
THOT, F-4N-2A1, ARVHAERTN TSI FREFLOVWT, 2{OH
XEH22LIEGD, TORBOGENTOIA-YOTEHER, TALTADTELES,
COPLIULLADEMAISENGE, TN, KEGYAFLORRDETS
M, ¥FBEHEBRTHD, I, sort EEFLTALS,
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[ 7-gsort(f2,1,2],X}.
X=1]

yes

| ?-backtrace(gsort([2,1,2].%).CE).
append{ (2], [}, (17

| :false.

X=[1,
Ce=(append([2], [1.[1)+~append ([1.[1,[1)}

appendMRTHBLAS, RRENTVS, 70754012, 2ELT, Fiuy
2EN. TDAAVODFERSET AV ITAZIAL, TOHTOERAEF Y
PEETESLES 0, appendOBHOME, TELTHLD,

append ([X 1 L1]. L2, [X | L3])«append(L1,L12,13).
BE, gsort &, EHLTALS,

| ?-gsort([2,1,2],X).

X=[2.1,2]

yes

| 7-backtrace(qsort([2,1,2],X),CE).
append{[2], [1,[21)7

| :true,

asort([2],[2]1)7?

| 1tfrue,

append([],[2],[2])7

P :true,

append([1], (2], [1.2])7

| :true,

_3?._



gsort([1,2],[1,2])7

| :true.
append([1,2], 1. [1.2])7

| true,
append{[2,1,21,[1,(2.1,2])?
| :true.
gsort([2,1,2],0[2,1,2])7

| :false.

X=[2,1.2],
CE={gsort{[2,1,21,[2,1.21) «partition{[1,2],2, [1,2),.[1),
asort (11,21, [1.2]1 . asart (1], (1)
append([2,1,2),[1.02.1,2]1))
CCT, AABRENTHINE, 322 LR PLETHLOG, T, T
EUfgsort OfE#HBE, TORVOILABAK S, TOpertition £
T72LENIOERR, TORMOBRCEBNINSS, £5H- LTRTH,
ZOEHR, TNRNLIVEAEFOFOUZAFTREL, MEWHOUY AFOAY K
KD, i, ADESL, BHLITTFTES,

asort([X | L], L8)+=partition{L, X, L1.L2), asort(L1, L),
asort(l?,14), append(L3, [X | L41, LD).

BAE., gsort 2ERLTHALED.
i 7-asort([2,1,2],%).
i=[1,2,2]

yes
| 7-asort([5,2,45,3,24,542,2,3,1,1.%)

X=01,2,2,3,3,5, 24,45, 543]

yes



%ﬂm‘Eb{mﬁbtw&,mmﬁﬁt%mﬂﬁm&wuhwt?nyaam‘
EDESIIED.

asort({X{ L], LO)«partition(L, X, L1,12),
gsort(L1, L3}, qsort{L2, L4}, append (L3, [X | L4], LO).
asort([1.11).

partition{[X 1 LL.Y, L1, [X1L2]) « X>Y¥ partition(L,Y,11,12).
partition([X | LT.Y,[X | L1],12) « X=Y, partition(L,¥,L1,12).
partition{[],X, [1,[]).

append ([X | L1, L2, [X | L3])«append(L1,12, L3},
append ([],1,1).

ERNGFERERECD LT CNETF A H-EDL BB, DEALED, &
BEZOOMAN. #ETHD, B—FHER., I-FHAADLERNEITFT 2
ﬁﬁ%ﬁjNEE51Tﬁgnm;ﬁﬁn.iﬁﬁﬁ?ijXhﬂ~ﬁé?n
zihmﬁﬁﬁbEﬂg#&gé:ﬁu@ﬁﬁhﬁéﬁﬂ~Tﬁéhbmbk%
MTuﬁﬁhmﬁEvtﬁ%ﬁaThé,ﬁbﬁ%mﬁﬁmLﬂﬁEﬁbt@ﬂ
., fOFTO-FHAETHE, ROBTIE, ThHAERLEES nhic L
02y 27075 LEBESEDIMAZHEINT, —DD7 70~ F&
&E?éﬁ\ﬁbh@%ﬂHMR%JUE\HﬁmEMEifﬁitﬁéﬂm?
ZO-F@. COESLGTFRYEVIOHRLES>T. LNEEMNTEHEANBL
nizin,




5, RIEC<EN-FEHROGEL

1. 2HTAENE220AEEENHELTALD ., FEERZ LIV LLIE.
ERCHOEHODMS, BORNEZELHTIICECEDRIAD I DERNTY
A, TOEI3GERGEHNHSIOBCE, FELSVENCTZMELAGN
COETIR, TOHNEFNHEBEL TN LN IMBEERNE, COEEDLG
. L. Oy Fiom@ie e T (refinement operator ) #EFET S, T
C.EBEBELEEREFR. RECRRCELTRENCERBVREROEZBAS
TAH, HOAET, BEMTHRERG PLIVZILFNEBTLOLEHTED 1O
ARSI HTARMARDINI-EEZRVLOTH, TORMOBAECLY, B
CANEHNEBLITS, L, MRThHUN, S4X555E, UOER
#HML., TOHAEB/E<TH, CCT. HORAZ, COBRT L, HECR
< nEREHENSERENG,

LTFTH, BELOBS:, EFERETFEHESHLIS, BRELEESFDR
LML, BEASALERSECHNULTERASNTVWD, £, W< DHOE A,
HAOETEENTFLELTEASHDA, CORETR., EREROEAD L Z
AL LULTRETH S,

Lhmmrfﬁﬁmﬁﬁ¥t;Ummnaﬁﬁtﬁi?mﬁﬂﬁﬁﬂﬁnén
EEOTBARENLEHLT, 2 THRL—-RANGERBLEHRNFEONT
BENENS,

5. 17 BE{LEET
HOHOBMENGEHERERDTREY, RETS. CORER, LOo®ynES
e ARETIHAMETHED, TATON>0KEHEL, RENORBE., FRET
EHLVIFHED D,
BUSOHBOESLFRON>0EHL, #& (peS|size(p) =n) &
S(n) ¢EATS,

F#S. 1: L%, 1EBRMEL, PEAZLOBYLETS, COLEE, D
HazmlLsizel p) =sizel a) G656, aRZRpODEBLETHELEND,

EFHH, 2 BELEDTOL, LOBMYHLSE, TNEORTLCMTLE
BEENDERTHE, Lich-T, EBOD e LEERDON>0EH/ULES
ol pln), ohbhs, sitesnOPXELTHRINSRAL( p) &, &
HofETHhad,

-.—40_.



LIDBELREFR., LEOENFERHNTEE, COXEFR, BOE
ﬁabTEEEﬁﬁ:Dhl+ﬂ{ﬁi}iﬁt§ﬁmmm
P=Dgy., By, Py =Qk,

BEOE -oF A2 (finite total po-chain) EHIThE;HL., pHABQ
NDERD2OFIA YHEETEL5EPRQLT S BL, DSanIas
PHRUTSEEE, psasd s,

MRk, BYOEEE-RNETH. aXTOQ e SKHLT., DSalb sl
Npe [HGFEINE, BXHOZ20HET, S<LiEdL, TESLd5,
FEDEYPEHNL. £#&8 (el Ip%a)l i, o (D) TRENE, &
2 {D} M., O+ Tiﬁé‘h%‘n

EH#S. 3: Scl2TEPNLSTHNOKRLLTEZ, COEE, p: =5
t§ﬁ1Ltﬂﬁﬁﬁﬁﬁ?ﬂﬁ,Skﬂb*é?ﬁéthbh&.

ﬁﬁﬂﬁﬁ?i%?émﬁﬂmEEﬁEjTﬁ$ﬁ:ﬁﬂﬁﬁﬁi&ﬂ@tix
HEFLIUTLE, TORTLOGT, EROAREEET S, TOie, F
M$§&?MjUILEE3ﬁﬁﬁmﬂ?ﬂxﬁmnwL EHLTR2EES
FHESBLENDS,

BFPE, TFAERY AT ALLDHAS AR ANCBELHETORTS
&ﬁ~C@EEKEE?H\Emﬁﬁmﬁaﬂﬁiztﬂbxﬁﬁfmé.

[ Reynolds 70] THABSRTVALIK, B “~" 252580,
ﬂI{D}*{GTH*Q}kJHEﬂEH%Eﬁ?ﬂ EBATARLES,

pelL%E, I\ LT COLEE, HF@T?@EL*%LEE pea
HEITS,

1. p=0Of2aq= aiXi xg.u.an?ma
KEL, LONSEORRLZSakHL, n=0THY, Xy X
X, B nBOMTERTSH S,

2. ﬁé?hLPLﬁbn Ph2a=P{U/ V) THB. =KL, U&
VE, POREFERTERTLERTES,

3. BAVFLPEKHLP=PTHEON=0LELES, N3INOMEEREF
uﬂh\q=P[vKF{x1.xE,m.Kn}}Tﬁ@,
cc?,vm1Ptﬁﬁvéﬂﬁ?ﬁuxxi.xz.m+xnuwPt#
TTIHUTETIZE W,

2+

-4 7 -



HFETH., LEORMMEBENINSCHTARMTEAB YDA T
R2WT, Revnold OFEHEFHTEL  BMYPOYHAS T, M5, size(p) 12
pOEEADLR (ST YHALEFRL) ORTHSHE. Chid. Dics
NTHMTEROEER <, 0 4 memRﬁkm#aﬂ LB FTHES L
ERT.

EHS. 4: OB, LIOBEEERFTHDLE, LOZFAKHL
TRETH D,

M pDEQD2D2OBRKEDINT, BL, pHaA Y24 ATHAIEL
Dquﬁéﬁﬁxm&¥xEmﬁéE§$U*ﬁbﬁoea1{D1Tﬁnu\
HH{G}-HE{D}+1?@é=CCT1D1H‘Hiﬂﬁ%ﬂ6mﬁﬁt
ﬂﬂ?ﬁfﬁé,ﬂ1mﬁﬁmﬂ KOZEHBSHTHD, IBDpe Lickt
L, pT{ P) DEAR, HRAETHY, §ETHD, CCT. o, (p)
(n) OHEEL, FEONS oKW LERIRTHE, FOMY. me b
EELAETFTHD,

[ Reynolds 70] OEE4R, EEO7 FAQc LEHL, ONSanDE
Eﬂiﬂ,TI%?ﬁﬁE?é:t%ﬁbrwé.CﬂwxLﬂ?hhtﬁbﬁ
BELHEFfORLBEEHTS,

PRLAEWVEEOABERL, M 2258480, LALLEHE, p, ObT
ha—REd, DOIBEFLERRTFEERTIIS, COJPTFR, fETESALN
(ﬂﬁ@ﬁ%ﬁﬂﬁ?éﬂt+ﬁ%%?ﬁwn;T%itJE#wé.ﬁ%,ﬁ
BUALKHT appendids - 1.

EES. b ipko’ 2LEDIOOEELERHTLTE, 02 co' » TH
nE, o' B, oLDBH—-EBNTHDIEND,

D1EMb,m®“E&E#iT$$5.DELE‘M§ﬁHt?%uCﬂt
?‘mm—ﬂﬁmﬂ?hﬁﬂcﬁzfﬁ}Tﬁén

1. ﬂkﬂiiD}

2. qu#@nmﬁmmﬁﬁ=atmt1,t2.m.tnﬁv
Gnairl,tz.m.tn} a(x .XE.- K PEHLT
p-a (t ) THB. COTo X ., X

i3, @wﬁkfm% X, m? mmL#nwachan% "
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Reynoldsiz, B (P} « {(Q) OB &, TREMAL, Boiz, TIFSS
ERT, RH2EUTERETTCRLLTVS,

WLODBEURDHZBEL, PRALYREHTRICH T2atonoic-544
EEL-TEHED, TTLERVATLATR, TNOEMRTILHOREEHE
To, BERENTNS,

CNEOREIR, XOLIGODHE0  FFERE, O LESBEEX KLY
FRENIBROLLEBELTH,

XEX
X=Y' «X=Y
plus{ O, X, X)

plus{ X", Y, Z')eplus( X, Y., 7)

EBUAR [T EVAMEE (X I YIKEOERSNEBU A OME. 2.
EEREEEL T,

prefix( [], X)
prefix( [AT X1, [AIY]) «prefix{ X, Y)

sufix( X, X)
sufix(X, [ATY]) esulixiX, Y)

subsequeuce( [ ], X}
subsequence( [A | X1, [A|Y]) «subsequeuce(X. Y)

subsequence(X. [A | Y]) +subsequeuce(X, Y)
UALTOEERBEL 20T,

append{ [ ], X, X)
append( [ATX], Y. [A|Z]1) <append{ X. Y. 7)

conct [1, X, X)
conc( [AITX]. Y, [AlZ]) ~conc{ X, Y, Z)

._43._



HX, Y) &, WEOMDTREEVFERI NS 2R CH T Ssubtree B
fC T, subtree( X, X!

subtree( X, X
subtree(X. t(Y, 7))+<subtree(X, Y)
subtree( X, t{Y, Z))~subtree(Xx, 7)

E®5, B: £y k. LEMTAZEELEHEAFTHD, LO7FrRLAEXR
ERERCHLT. 5£THD.

FH:p={P)+tag={P}«{Q} 73, EEO-DOOMX D EAK
#ML, praé&, size(p) <size{a) PRI TD. £2T. 0, &, #HixH
5%ﬂﬁﬁﬁﬁtﬂmgﬁTﬁépEEmDELEﬂbﬁﬁ%ﬂE?D)H,ﬁ
BTHD. LEF2T, o, ( pln) &, BEEONSOKHLTAIRTETS
é,%mtmnﬂzmmﬁlmﬂ??ﬁéﬁ

PO, 0, FLOPHFLEHLTRA2THBILEFRLTVS, £ED
YEmER {F'E —{QYKHLT. OS5 (P} *—f\ﬂ)ﬁﬁ&%ﬁ -Fx
A YBELETHH, COFA VR, $lop, -TIA2THHD. 0, DEH
CED ((P) = (Q)) co, ((P) = HMITH.

WAL, OHES (P} «{(Q)\OBEEGEp, -FIAHFETS. COF
:4?m\Lm?hhtimﬁmﬁﬁtﬁbf:ﬂaﬂE%ﬂEE@TP%Dl
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NWMERTREELT, Z2o0BEEE-RIESFHD ST, BEFL T,
TNERNTS. 2L, THEKDOVWTORSLGEELHEFOTRR., BEC
SNEL, COLOCRELBATR, ROMTRENZABLEHETALD
K. ETLERYATLEELDMBENL, BIO-RIETH., 2STREHO
K==W B HE, CORXT, BECYNFELORBLEAE LTSS, 24
DE, CORFIL, OLBRT1£20E. XEYOROSELTRRT 20X,
Y £60,

O=X

X=1

X=X

RX, Y 2X~YaX

B{X, Y) E¥Y=X=Y

mX, Y) =Z2eX=227,¥=s7

2RO isonorphism LTI,
isomorphic (X, X) .
isomorphic{ t(X 1. Y1), tiX2, Y2)+
fsomorphic{ X 1, X2) , isomorphic( ¥ 1., Y 2)
isomorphic( t{X 1, Y1), tiX2, Y2))«
isomorphic( X 1, Y 2) , isomorphic{ ¥1. X2)

Fho, truekfalse £E0HBEBAENTBIONTIR,

salis{true}

salis( and{ X. Y))esatis{X) , satig(¥Y)
satis( or(X, Y))«satis(X)

satis{ or(X, Y))+satis(Y)

satis( not( X))eunsatis{X)

unsatis(false)

unsatis( or(X, ¥Y))—unsatis(X) , unsatis{y)
unsatis( and( X, Y))«—unsatis(X)

unsatis( and{ X. Y))eunsatis(y)

unsatis( not{ X)) +~satis(X}

.



YiiEmEBROR 20 -8R, BRSSO, RELERTHD. DY
SADERAT, MR ENEZEREFZLTETES.
times(Q. X. O)
times(X' , Y, Z) «timesiX, ¥, X)), nlus{ Y, X, 7)

exponent({ O, X, Q)
exponent( X', O, O)

exponent( X, Y , Z) «
exponent{ X, Y, W), times(W, X, Z)

AFRELDWTIE
reverse{( [ ], [])
reverse( [A | X1, YY) «—reverse(X, 7)Y, conc( 2, A, Y

HESERCONTIR
subset( [1, [1])
subset{ [A | X1. YY) +subset( X, ¥Y) , member{ A, Y)

BAV-FEDTHIE
sort{ {1. [1)
sort{ [ATXI, YY) «sort{ X, Z), insert{ A, 2., Y)

insert{ A, [1. [A])
insert( A, [BI1X], [A.BIX])+«A=ZRB
insert( A, [BIX], [B, Y1) «B=A, insert{ A, X, Y)

[Angluin & Shapire 81} TR, CHSKAYSADABOEREHLSNT,
+HLERETUABEEAS,

~46



5. 2 BELTST

FROTEFELCHLT, LIORELABTOR. BEES57G (o
« . E) &8, Chl, BENGRESS 7 TH5H. HaE. o0RITH
&S, T, edge (D, q) tEAFETLLOOPLESSEBRE, gep (D),
pep* LEHILTHS. (D. Q) cEH, size(p) <size (g) =
?5@ThCﬂfﬁ?ﬂ\E@ﬂ?ﬁ@;ﬂ&ﬁ@ﬂ*ﬁﬁﬂ%:ﬂmﬁﬂﬁb
£3. PPBAETOG 0/, (D, p,,,) cELTE
iDsiﬁn}p-Dﬂ.nl.m.D =Gﬂﬁﬂﬁ?ﬁé,ﬁﬂmﬂlﬁ1
HBDLDFIA VK THARKAERLED. G TCPABAADRAREET
BEE, A, G TOASHETRTHHEMS  bL (p. a) cETHD,
AFPDERERCHNAE, PDHADRITERTH S,

HFiL, Gﬂtﬁ“ﬂ'{}b‘('ﬂﬂ*mﬁﬁ?ﬁ%n

1. BN De oSG TIHRUETHAIEHOBRE SR IE.
ngfﬁax%mgﬁnkqﬁmég

2. TuOR, HECDe o= HSHEFMMET AL,

3. TATOpep« i, ONGHENETHS,

4, ﬁb‘EHDED'ﬁL@ﬁé%me?HTmnH‘Gﬂmyﬂfm
ﬁ&ﬁ%m.M?ﬁifﬁa:ﬁLDﬁM?%TﬁﬂHGpmimrm%ﬁ
EXE. MTIETSHS.

LT, HBKSASNLEFUIMESL, MTHASSICELULER/ R T O®
BEBETS.

E&S. T MELOEFLEL, p2 L LOBBEHBF LTS, it
METRTOKX g e o TRICGHAIE, BXpeos 3, pKBLTEFNL
M@/ — |3 (source sentence ) &IPENS, ST, d<pRMTET
HH. PERTAIMOY - IWMIOES R, EFIMOY - S
(source set) LFMLh, LiemeEhd,

V=ABMOERCLY, G _ TEFONEDPAQINTHNATOHTATO
BYAMTRK G255 pen &, V-2ABYTHA,

Po» Py DREEHIE, 1>0 KHLTp, <p, , (R,
P <P, ) FERILTAE., BROBRGR (NEER) 0 -F ML
Do Gep (D)@, size(p) <size (q) £BHETZ0T, L THELRGHD
0 -FraE, FELEWL,



B, tRTOpe LML, & {(alasp) HERBTHED, v- 11
TTHOMTHAZIANTORYp e p+ KHL, aspERTY -/ aN
EETA. EDHDTTLOV-Z2EER, ROBEEHD

F®5-8: LE1EAMOBMEL. MELOEFLET S,
EELOeL, cL, CLARITZ, 3. pEL, KRAGLED
RELRETEES, DL, Ly (K, ) #. 53k, 20%L. MOBRE
L, -RLABEQCLTHHSE. 1 (K, ) B, 2k, TOSIGREL

THB,

AH:TCL, #MOAREL, -RRARETHBEL, K & TOERO
EXDRABET B, bU, THL (K, ) OESHATENETBE, Y-2
Y ThENRYD ¢ THSEES S, EFVEBTHY - ABTOERK LD
qﬁnt&av~zmHaEU{K0}ﬁ#&¥éu
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forever,

HEG. 51 BL.FLIVUZLISAHHTTIMOBECERE N,
L0 Ky ) PMICBIL, h-easyz L, -mE2A/BETHNL, COFLTY
Zhid, FLTR sThEPY,

MR EHEe., ALY, COPLITUZTLEEVIFRSENE TS TG @
BOv—-2{T1R. MKEFETH 2.

e, 2LHE, Thig, EROKSOEHLT, L3l ky ) =L K, ]ﬁ
RETHOELEERLTVA, o3, BECBLIREShA0OT, KE, K
TR, B2 OREDWIle b-Ti, TEEBRTCENEN, BRI, iz,
k'ﬂ FRBIACEGEEN, »

HMEIG. 6: heasyEFILMOAECEHERASZALZFZLIUZLLIE, =B
KEOBEROIRTEERRD,

T MHSDSh-easyET N LT D55E, AROrepeatL-711F, gXTOD
FLWEREORARAHIBZTIAF>TINES,
FLWEIZF AN 20On=0lHLTEARAEINLERETS
2o0Owhile L-THEHERLZLO08FRA LT TNWS,

_BO_



Mz, LOheasyETATHADT, WCONMDBREL, -%£LT., h-easy
GRBEFEE2, TE, MOLBEET S, HﬁhﬁﬁmﬁikﬂbL\
Tl'h JCI HETTE, !-{ ETEHYT2HEBOBTORAY S L LT3,

o, mmLMbTﬁ#Ehéﬂt 5. 10&9, L3¢ Ko ) By M
D h-easy T, Ly, meLBETLH55,

MEE,6$U\km~kaﬁﬁiTﬁML&mu?Ttxﬁﬂmeem—
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I. Pzriormance of the Mode! Inference Svstem

The Mode! Infersnee System is implemenied in the programming language Prolog [Pereira eral. 78], It was
developed hand in hand with the algorithms, problems in the former motivating improvements in the later.
The system has had four siable incarnations so far. The first inferred ground complete axiomarzations af
reguiar sats; the second inferred atomic complete axiomatizations of such sets; and the third inferred atomic
campleie aziomatizauons of a first order language with an arbitrary alphabet, provided the axioms were
context-fres transfarmations. The founth inearnauon of the svsiem enabled the inelusion of more gemeral
refinement operators, and couid infer multipie conizxi-iree Horn seniences and erm-free transfersations
with zuxiliary pradiczte. So far it has suceseded in inferming atomic complete axiomatizazions of dease pardal
order with endpoints, binary ires isomorpnism, lst reversal and list subset, multiplication and ¢xponentiation,
and satisfiability of boolean formuias,

A fifth implementation is on its way, featunng the possibility of concurrent inference of arburarily many
proprams; typing specification, to be used by the refinement operators 1o restnc: the generation of
semantically wrong hypotheses; an algorithm that lecally optimizes the conjecturs, and tmpmmd. heurisucs
for adding hypotheses and minimizing the number of queries {experiments).

Following are cxamples of application of the different incarnations of the svstem, with some relevant
stztistics. In-the first two incamations the programs were all interpreted under the Edinburgh Prolog-10
interpreter version 1.32. Inthe third and fourth the programs were compiled using the in-cors campiler of the
Edinburgh Proloz-10 wversion 3. The computer is a DECsvstem-2060, running Prolog-10 under the
compatibility package PAIC3). In the following, the running time in CPU seconds measured the time the
system took to converge 10 a correct and suificient axiomatization of the intended model, The decision to
terminate the Inferencs process was made by me, since it is an inherznt property of an inductive inference
algonthm that it can never tell whether it has converged, Note that sincs this decision was subjective, there
may be some errors in the axiomatization below (T am awars of one). The reader is encouraged to find them.
Facts are the number of facts read therein, and hAypotheses generated. (s the number of hypotheses g:nemt:d
by the refinement operator during the inferencs.

in the earlier versions of the svstem it would simply go through all possibie atoms, in increasing order of
complexity, asking the user {or & buili-in orzcle for the model, when the user was tired) whether they are true
in the madel. The tnefficieney of this approach became more evident as the models got more and more
complex, since true atoms are scares in such models. Theeafore in later versions of the system the user is
capasie of specifving some inittal set of [azis about the modceir, hencs thess implementations were mars “fact
efficient™,

I.1 Inferring Regular Sets.

The {irst order language (or this task consisizd of the two predicates in(X) and out{X}, The ierms of the
language were the null stning A, and strings construeted fram a variable or A and the successar functions a0k}
and 1{X). Forconvenience these where simulated by lists of ('s and ['s. The hypotheses language contained
Haorn clauses, where the only structural restniction on them was that the size of the terms in the candition
would not exceed the size of the term in the ¢onclusion, This restriction releases us from a need to impase
complexity bound on the size of the proefs. In the following axiomatizations, the number associaled with an
axiom is its sequentiz! number in the order the axioms were generated by the refinement operator.

Inferring Ground Compiete Axiomatizations of Regular Sets.

Strings of even number af 1's and even number of 0's.

157 CPU secands, &4 facts, §13 hypotheses penerated.
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{in{A} —true), 3

{out{d) =trua), 9
{out{1) = trua), 23
{out{DX] —in(X}), 12
(in{30) = trua}, 37 ~
(out{DX) —in{1x)], 14
{in{11) = true), 76
[out{1X) —in{X}), 2B
{im{00X) —im( X)), 40
{out(00X) — out(X)}, 52
{out{01 X) —in{X)), 171
{out{D1X) = in{0X}), 173
[out{11X) = out[ X)), 81
(i1 X) = in(10x}), 191
(out{1X) —in[0X)), 28

(i 10X) == in(01X)), TG
(out{10X] = cut{01X]], 2B8
(in{11X) —in(X)), 79
{inf010X) = in{0C1 X)), 218
(in{QI1X} —in{0X)]}, 305

Strings of even parity.

16 CPU seconds, 20 facts, 102 hypotheses generated.

{in(A) —1true), 2
{in{0) — trua), 9
{out{1] —true}l, 22
(iN{0X) = in{x]}, 12
{out{0X} = out{X}], 20
[out{1X) —in{X)], 25
(in(1X) = aut{X)), 24

Strings that contain 11 as a substring.

4] CPU seconds, 50 facts, 141 hvpotheses generated,

{out{A} —true), 3
{outt1] — true), &
(in{11X} = truea), 18
{out{0) — true), 23
{out{0X) — cut{X}), 27
{in(0X) —in(X)), 45
fout{10) —true), 72
[out{10X) — out(X)), 76
fin(1X) —in(X)), 19

Strings that contain 1] or 00 cs a substring.

25 CPU secands, 31 facts, 158 hypotheses gansratad.

fout|a) —true), 3
{out{d) —true}, &
(in(00X) — true), 17
(out{1) —true), 23
{in{11X) —true), 32
(In (0} = in{X}], 18
fout(10) — trus), 67
{inf1X) —in{X)}), 22
{out{10X) — out(0X)). 78
leut{0X) - outl1X])). 48

(]
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Strings that are of even number of ones or contain 00 as a substring.

&84 CPU seconds, 69 facts, 383 hypotheses generated.
{in{A) = trua), 3
(in(Q) —orus), 8
(n{30X) — trua), 10
outi{l) = true), 23
(1) — out( )], 34
QXY —in (X)), 12
fouti10) —true), 73
(i 00X} — trua), 23
{out{D?) — true}, 37
(BUtTTX) = out[1X}). 48
{in{11X) = in(X)}, 53
{out{11X] —out{X}}, 111
fim(10X) = in(01X)), 88
(oui{101 X} = cut{X}), 175

Inferring Atomic Complete Axiomatizations of Regular Sets.

The inefficiency of inferring ground complete axiomatizations of regular sets was due not so much Lo the
algorithm a5 to the fact that | was looking at the wrong probiem. Logical theoriss are essentizily
non-deterministic computational devices. A non-deterministic Turing machine has the privilege of succeeding
in a compuiation oniy when nis accepring a string, For rejeciing = stning it merely has to {ail to aceeptit, and
there is no nezd for it to explicitly succeed in a rejecting computalion, a requirement that & ground complele
theary of a set has to satisfv. This consideration naturally led to the reformulation of the regular ser inferencs
probiem: find an aromic complere axiomatization of the intended model, that is an set of axioms that prove
in(s) forevery sin the intended regular set, and fail to prove In(s) for strings that are not in that set. The first
order language for this task consists of only one predicate in{X), with the same terms as before,

1h® results of the previous application of the system suggested that regular sets can be axiomatized with
transformations only. Therefore the hvpothesis language was restricted to such axioms. Aoplying the svstem
to the inference of atomiccomplete axiomatizations of the regular sets as before led to remarkable
improvements in the running time of the system, the number of facts needed and the number and complexicy
al the axioms found.

Strings of even number of 1's and even number of 0's.

23 CPU seconds, 35 facts, 75 hypotheses generated,
{imfA) — trua), 4

NRERIR) =X, e
{in(11X) —in(xy). 19

(in{Q10X) —in{1X1), 41
(In{21iX) — in(0X)}), 48
{in{100X) —in{1X)}, 81
(in{101X) —in{OX)}, 67

Strings of even parity.

§ CPU seconds, 17 facts; 29 bypolheses generated.,
{lafd) — true), 4
(In{QX) = in{X)). &
{In{11X) —in(x)), 24
(in{10X) —in{1X}), 15

10
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Strings that contain 11 as a substring.

|1 CPU seconds, 35 facts, 12 hypotheses generated,

{In{11X) —trua). 7
{iIn(0X) —in(X)). @
(in(1X) —in(x)), 5

Strings that contain 11 or 00 as a substring.

14 CPU seconds, 52 facts, 12 hypotheses generated,
{in{Q0X) = trua), &
{in{11X) — true}, 11
{inf0E) —in(x}], 5
lin{1X) —in(x)), @

Strings that are of ecven number of ones or contain 00 as a substring.

10 CPU seconds, 1€ facts, 24 hypotheses generated.
finfA) = trua}, 4
(in0X) = in(X)}, &
[In{00X) — trua), &
{in{F00X) —true), 16
(in{11X) —in(X)}, 18
(10X} =in{1X};, 18

1.2 Inferring Atomic Complete Axiomatizations of Simple Models.

In the first two stages of the development of the system described above, the first order language used by the
systzmm was fxed. In the third siage the language became pani of the input to the system. The input is the
function and constant symbols of L, and the predicate p (¥, Xz,....%) to be inferred. This version used the
refinemant operator p; (pags 24), which is compiste for atoms and context-free transformations. The fourth
version incorporated some more general refinement operators, which were compiete for multple context-frze
Horn seniznces and term-{r== transformations with auziliary predicatz. In case the system inferred an
axiomatization that uses an auxiliary predicate (such as times, which uses plus), the predicate to be used was
also specified in the input. The statistics beiow arc on the performance of this version, The two numbers
foliowing the axioms ars thewr sequential numbers as they were generated by the refinement operator, and the
number of refinement opsrations nesded to gencrate them.

Arithmetic.
Ordering Relation.

le(X.,%) — Xis less than or equal o Y.
2 CPU seconds, 10 [acts, 14 hyvpotheses generzted.

(e s — iel®, YY), 40, 2
[le{3.X) = true), 1,1
(le{d R = trun}, 2.1

Addiiion,

plus(X.Y.Z) — X pius ¥ 15 Z.
5 CPU sezonds, 13 facis, 67 hypotheses gensrated.

(ptus (X X0} = true), 11, 1
In;piux{n,).'\)(} = fruaj, 14, 1
(phua(s{x),Y,s{Z]) — plus(XY,Z}), 82,3
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Multiplication, using addition.

times{A,Y.Z) — X umes ¥ 13 L.
20 CPU secoads, 13 facis, 203 hypotheses generated,

[thrrea (0, X,0) = trua), 12,1
{timas{s{x}],Y.2) = times{ .Y W.plus(W.¥.21), §1. 2

Exponentiation, using muitipucation.

exp(X,Y. I —Xiothe ¥Yis I,
28 CPU seconds, 18 facis, 222 hypotheses generated,
(gxp (X 8(Y)I) —exp (XY W) limes{W X I}], 128, 2

(exp{X.2,5(0} ~true), 78, 2
[expl{0.5(X00) —true), 148, 2

Dense Partial Order with Endpoints.

Partial ordering.

le(X.Y) — X to less than or equalto Y,
10 CPU seconds, &0 facts, §1 hypotheses generated.
Maote: m{X,Y) is interpreted as some point between X and Y.
{la(X.X) —true), 7, 1
{la{X.m{X,1}) = true}, 21,3
(la{X.1] —true), 3,1
fle(0.X]) = trua), 1,1
flelm{X,Y).Z) —lafy.Z).la{¥. 2}, 57. 4
(leimix. Y)Y —elx, ¥, 58, 3
flemiY)x — ey, 5)). 58,3
(lalmix,0),%) — true), 48,3

List Processing Programs.
Memdber,

member(X.Y) — X is a memier of the list Y.

2 CPU seconds, 23 facis, |3 hypotheses generated.
(mamzar(X [Y|Z]) — membar(X.I1), 6, 3
Imegmoer{X, XY = irual, 7.3

Frejix.

prefix (X, — X s a prefix of .
4 CPU seconds, [7 facts, 32 hypotheses generated.

{prefix{j],X) —true}, 1,1
{oredixi XY, [ X)) = prefiz{Y 2]}, 50, 5

Suffix.

suffix(¥, ¥} —Xisasuffixal Y,
3 CPU seconds, [7 facts, 26 hypotheses generated,
C{auttix (%, [YIZ]) = suffix( X7, 19, 3
{sutfix {X X} — trua), & 1
(sufflx([].X} = true), 1.1

12
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Subseguence.

subsaquence{X.Y) — Xisa subsequencs of Y.

8 CPU seconds, 50 facts, 63 hypotheses generated.
(aubsequence(X.[YIZ]} — subsequence(X 7)), 22. 3
(subsegquence (X, [Y]X]) — true), 20,3
(subseguence([].X) —truej, 1,1
(subseguence([XY),[XMZ}) — subsaguance(Y.Z}), 51, 5
(subsequance([X],[XY]) —true), 45, 5

Subset, using member.

subset (XY} — X is a subser of Y,

31 TPU seconds, 82 facts, 132 hypotheses generated.
(subsab( X, Y21 — subset{X V), 34, 3
[subsal(X,[Y1X]) —true), 32,3
{subseat(f],=) — trua}, 1, 1
(suosetl([XY],Z) — subset(Y. I}, membarfX X)), 112, 3
(subset{[XY],[XZ]} = subset{Y,Z)), 103, 5
(suoset{[X],[XY]) = true), &7, 5

Append.

append (XY, Z) — Zis the resuli of appending X to Y,
10 CPU seconds, 13 facts, 106 hypotheses generated,

(eppend(X,[].X) = trua), 12,1
(appenc{[].X.X) —trua). 11,1
facoend([XY].Z[XW]} —append{Y,Z.W]}, 98, 5

Cone.

conc{X,Y.Z} — Z is the result of concatenating the symbol Y 1o the list .':(..
7 CPU seconds, 29 facts, 66 hypotheses generated.

feonc([],X.[X]):-true), 2€, 1
(conc({[MYLIHWli-cone(Y,Z, W} true), 64, 5
KHeuverse, using conc.

feversa(X.Y) = X is the reverze of Y.

6 CPU seconds, |3 facts, 104 hypotheses generated.

Mote: The axiomatization of reverae using acoend (page 4) 5 not term-fres, henee could not be injerred
using the refinement operators currently implemented:

(reverse(]].0]) — trua), E. 1
{reverse([XY].Z) — reverse(Y.UJ),conciU,X.2)), 32,3

tast{X.Y) — X is the last zlementin the list Y.
2 CPU seconds, 12 facts, {8 hypotheses generated,

{iest{X,[X]) = true), 17, 3
(lastX.[YIZ]) — iast(X.Z}), 8, 3

Double evary second element,

dbi2nd (XY — Y is the list X, where every other element occurs twice.

"3



&4 CPU seconds, 4% facts, 229 hypotheses generated.

{dblznd([].[]) —true}, 6.1
jdblZne([X.MZ]IX Y. W] — doi2ng(Z W)}, 222, 1
{delZna([X].IY]} —irue), 57,5

Iate, or tails.

iotaX ¥ =¥ is the list of tails of X,
18 CPU seconds, 30 facms, 145 hvpotheses generated,

fetalf]ll) =true), 6, 1
fieta(MYLIEYIZ]) —iotalY.Z}), 100, 7
fiota([X¥Y],[[}Z]]) —iota(¥.2}). §7.7

Pack, or one level flatten, using append.

pack{X,¥} — ¥ is the list of elements of the lists of X,
8 CPU seconds, 24 facts, 105 hypotheses generated.

ipack{x.[]) —true), 3, 1
(pack([¥Y],.Z) — pack(Y,W].sppend X, W I}, 38, 3
Oddp.

Oddp{X) —X is of odd length

3 CPU seconds, 13 facts, 17 hypotheses generated.
(oddpi[X. L]} —oadp{Z}), 14,5
(oddp([X]) —true), 5,3

Pair.

pair(®,Y,2) — Z is a liss of pairs of elements af Xand Y.
62 CPU seconds, 61 facts, 226 hypotheses generated.

(pair(X.[].X) — true), 16, i
(pair{[XYLIZWLIp(X.ZNI] — pairlY W L)L 277, 9

Uniabeled Binary tree predicates
Subtree relation.

sublres (XY = X isasubiree of Y.
9 CPL seconas, 20 (aoig, 32 Ovpolaesss generaisg.
Maote: 13X, Y) is intecpreted as a binzry tree whose left subtree is X and wiose right subtree is Y.

(subtrae(X (X, ¥ — true), 20,3
(subtrea(X.t{Y.Z}j — subtrea{X Z}), 24,3
{subtraa{X,tY. X)) — true), 21.3
[subtrea|X X) —trua), 5, 1

[subtrea(0.X] — truej, 1,1

* Tree isomorphism.
isotree(X,¥) — X g somorphic to Y.

20 CPU seconds, 110 facts, |17 hypotheses generated.
Mote: 0{3,Y) iz interpreted as a binary tree whose left subtree is X and whose right subtres 15 Y.
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[isotree{X. X) —trusa}, 5.1

{isctrea(t{X,YLt(Z. W) — isotrea(¥ W) jactres(X. I}, 108, 8
(laotrea(i{X,Y).HI.Y}) —isotrea(X Z)), 103, 5
{faotrea (XY I W)) = isotrea (Y, Z) 1s0trea( X, W)), 41, 8
[laotreae (X, Y),H{I.X])) — izotrea(Y,2)), 44, 5

{imotrea (1Y) UY.Z)) — isotrea(X. 7)), 38. 5
{isatrea(t(X,Y) 1Y X))} — trua}, 35, 5

Satisfiability of Boolean Formulas.
Satisficbility, using unsatisfiability.

satiz(X) — X is satisfiable.
10 CPU seconds, 40 facts, §6 hvpotheses generatad,

{satis(1) =true], 2.1

(satis(not{X)} —unsatis{x)}, 14, 3
(zatis(nat{0)} —true), 7,2
(satis(and{X,Y)) — satia(Y]),salis(X)], 54, &
(satis{and{1.X)} —true}, 38, 3
(satis{or{X.Y)} — satis{X}), 33,3
[satis{or{x,Y); — satis(Y)}), 35. 3
(satisfor{X, 1]} —trua), 28,3
{satis{or(1.X)) —true), 23, 3

Insatisfiability, using satisfiability.

unsatis{X} — X is unsausiiable,
10 CPU seconds. 45 facts, 67 hyvpotheses generated,

(unsatis(0) —true), 1, 1

[unsatis{not{X)) — satis{X)), 14, 2
(unsals{nat{1}) —true}, 8, 2

{unaatizs{end{X,Y)) —unsatis{X}}. 63,3
{unsatis{and{X,Y)} —unsaiis{¥})), 65, 3
(unsatis{and{X,0)) — true}, 57, 3
(unsatis{and{0 X)) —true), 82,3
[unsatis{or{®Y)) —unsatis{Y),unsatis(X)], 39, 4
[unsatis{or|0,0]) — trus), 38, 3
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function composition
implication, Fif @
covering relation

subset or egual

strict subset

set union

set intgrseciion

greater than or equal to
[net] less than or squal te
and

not equal

nai

P inot] derves @

 [not} derives ¢ in n denivation steps or less

the empty sentence

[rot} eguivalent

observational sentences
subsiitutions

set membership

the k™ step counting function

the rull string

refinement operators

partial order induced by p

the refinements of p generated by p
the transitive closurs of p under p
the transitive closure of Clunder g
the refinement graph induced on p” by g
2 partial order defined on senteness
2 first order language

an h}rpoih:sis language

2n observational language
observational sentencss true in M
a mode!

the source set of 2 model

a marking

the souree set of 8 marking
senlences

scis of sentences

sets of atoms

pragicaisy

terms

variables

complexity bound

14
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ITI. A Useless Lemma.

During the attempts to prove that p, (defined in section 3.3} is 2 most general refinement operator, | proved
the following lemma, This lemma turmed out not to be of any use in the proof, However, since | worked so
hard 1o find its nght formulation, and then to prove it, [ fecl the paper will zot be complete without it

Lemma 7.1: Let =S U (P! be a sex of atoms such that § is reduced and 245, Then 5° is not
reduced if and only if exactly one of the following holds:

L. There is a substitution § and an atom QeS such that Q§=F, PA=Fand S =501
2. There is substitution £ such that P9eS and S8 = S, or, in other words, SPc 5.

FProof: The if direction is a straightforward apolication of the defirition of a reducsd set- if ane af
the cases helds for some substitution 8 then 5'9 ¢ 5°, and 5 is not reduced.

To prove the only if direction. assume that SU{P) is not reduced. Then thers there i5 a
subsutution & such that 59 ¢ 5', Thers ars two cases:

Case I: P=P¢" for same k0. Since $%¢ S implics $'8* ¢ §°, at least one atom €S is mapped into
P by 8 that is Q"= P, otherwise 56 ¢ S, in contradiction to the assumption that S is reduced.fhe
substitution #* satisiies the first clanse of the lemma,

Case 2: P#P¢" for all k0. If no QeS is mapped into P by &, that is Q=P for all Je5, then &
satisfies the second clause of the lemma. Otherwise, let 1, 0s,.... 0 be all the atoms in S mapped into
F by some multiple of 8, that is, 06"=F for some k>0, For every such atom 2, k is the only
multiple of § by which it is mapped into 7, ctherwise thers is 2 k such that Pg*=p contrary to the
agsumption of this cmse. Let k= maxiki,ku,... k)71, Then S, hencs 58 cC 5, and the secong
clavse of the lemma hoids, ® '
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